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Abstract: An enhanced robust output-feedback quasi-min—max model predictive control (MPC)
scheme is proposed for linear parameter-varying (LPV) and hybrid systems. Building on the quasi-
min—max framework, the cost function is reformulated in terms of the input increment Au rather
than the absolute control effort. One-step predictive dynamics consistent with this formulation are

incorporated to mitigate switching-induced disturbances in the control signal. Combined with the

natural convention u(—1)=0, the, proposed approach enforces a zero initial control action by

construction. These practical modifications'result in smoother control signals while maintaining
robust stability under input constraints. An offline robust state observer is designed via linear matrix
inequalities to estimate the unmeasurable system states*from output feedback. The effectiveness of
the method is demonstrated on a hybrid LPV system.under_both predefined and random switching
signals. Simulation results show that the control input remains within the prescribed amplitude
bounds, starts from zero, and exhibits noticeably reduced fluctuations at switching instants compared
with the conventional quasi-min—max approach. Although a slight increase in the output root-mean-
square error is observed, the significant improvement in control,smoothness confirms the practical

advantage of the Au-based formulation for hybrid and LPV systems subject to input constraints.

Keywords: Model predictive control, Linear parameter-varying systems, Hybrid systems,

Robustness, Quasi-min-max algorithm.

1.INTRODUCTION

It is well known that linear dynamic models cannot generally capture the nonlinear characteristics

present in most physical systems [1-4]. Although various nonlinear control methods exist for such
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systems, they are often computationally demanding to implement [5-7]. Piecewise linear
approximation is a widely used alternative that reduces this computational burden while preserving a
tractable control-design procedure [8-10]. However, the switching phenomenon inherent to piecewise
linear dynamics can render the control signal discontinuous, causing abrupt changes in system
behavior. Controlling such systems becomes further complicated when constraints on control input,
output, and state variables must be respected simultaneously with robustness against model

uncertainty [9].

ModelPredictive Control (MPC), originally introduced as Dynamic Matrix Control (DMC) in the
late 1970s[11,12], has since become one of the most widely adopted approaches for constrained
multivariable'control, with applications spanning refining, petrochemicals, aerospace,
mining/metallurgy, and robotics [13-15]. Its popularity stems largely from its native ability to
handle constrained, switching, multiple-input multiple-output (MIMO) systems [16—18]. However,
like other model-based technigues, MPC requires an accurate dynamic model and reliable state
estimation, motivating sustained research into robust formulations that guarantee stability under

model uncertainty [19-21].

Robustness in MPC has been pursued along several lines. Minimax formulations were studied by
Pavlov et al. [4], while linear matrix inequality (LMI)-based robust constrained MPC was proposed
to handle model uncertainty explicitly [22]./Ctuand Arkun [23] introduced a quasi-min—max
algorithm for linear parameter-varying (LPV) and-linear.time-invariant (LTI) systems under the
assumption of full state measurability — an assumption subsequent studies [24, 25] have largely
retained. Because exact state measurability is often unrealistic inpractice, a smaller body of work
has pursued output-feedback MPC instead [26]. Wan and Kothare [27] extended their earlier
method [28] into an off-line, robust output-feedback MPC for constrained LTV systems, and Park et
al. [29] later proposed an on-line robust output-feedback MPC for LPV/ systems based on the quasi-
min—max algorithm, guaranteeing robust stability under input constraints. However, the method in
[29] does not ensure smooth control behavior across transitions between piecewise linear regions,
and its control law does not enforce a zero initial control action — both of which are practically

significant limitations when continuous, implementation-ready control signals are required.

It is worth clarifying the relationship between LPV and hybrid systems in the present context<LPV
systems are characterized by parameters that vary continuously, or within a bounded setysuch. that
the dynamics can be expressed as a convex combination of local linear models [30]. Hybrid
(switched) systems, in contrast, involve discrete transitions among a finite number of subsystems

[31]. Many practical applications — particularly in biomedical robotics — exhibit both features



simultaneously. Hybrid LPV systems are therefore considered, in which a switching signal selects
the active operating mode (for example, different tissue interaction regimes) while, within each
mode, the system evolves as an LPV model with measurable scheduling parameters. This combined
framework enables the controller to handle both abrupt mode switches and continuous parameter
variation. In this paper, we consider hybrid LPV systems, where a switching signal selects the
active operating mode (e.g., different tissue interaction regimes) while, within each mode, the
system evolves as an LPV model with measurable scheduling parameters. This combined
framework allows the controller to handle both abrupt mode switches and continuous parameter

variation.

Beyond the workof Park et al. [29], recent output-feedback MPC research for LPV and hybrid
systems has progressed along three broadly complementary directions. From a model-based
robustness standpoint, tube-based and constraint-tightening formulations have been proposed to
reduce the conservatism of worst-case min—max optimization while still relying on an explicit
polytopic model of the parameter-dependent dynamics [32, 33]; related work has also examined
multi-step output-feedback robustaMPC that exploits bounded rates of parameter change to tighten
estimation-error and uncertainty sets over the prediction horizon [34]. In parallel, a growing body of
work seeks to relax the dependence on an explicit scheduling model altogether: data-driven
predictive control has been formulated directly from-input—output trajectory data for LPV systems
[35], and data-driven min—max MPC has been proposed specifically for LPV systems with an
unknown scheduling signal [36]. For switched dynamics, robust MPC designs based on Lyapunov—
Metzler stability conditions have been developed to handle'mode transitions with formal stability
guarantees [37], and, most recently, learning-augmented MPC_schemes have begun to appear for
switched nonlinear systems, where an online-learned model adapts the predictive dynamics across

operating modes [38].

Despite this progress, none of the above directions simultaneously addresses three practical
requirements: (i) smooth control effort across switching instants, (ii) an output-feedback structure
that does not assume full state measurability, and (iii) a guaranteed zero initial controliaction. In
particular, the data-driven and learning-based approaches in [35-38] still inherit.the:absolute-
control-effort cost structure of [23] and [29], and therefore remain susceptible to the same
switching-induced discontinuities that motivate the present work. This gap is addressed by
enhancing the guasi-min—max output-feedback MPC framework of Park et al.[29] through a

redefined, increment-based cost function combined with one-step predictive dynamics.



An improved quasi-min—max output-feedback MPC approach tailored for LPV and hybrid systems
is proposed. Building on [29], the same measurability assumption for current system parameters is
adopted, but the formulation departs from the earlier work in two respects. First, the optimization
cost function is reformulated in terms of the input increment Aw rather than the absolute control
effort, u—in contrast to [29] , which penalizes u directly—and one-step predictive dynamics

consistent with this formulation are incorporated, thereby mitigating switching-induced

disturbances:in the control law. Second, combined with the natural convention u(—l) =0, this

reformulation ensures that the initial control signal is zero by construction, rather than by post-hoc

observation.
The main contributions of the present work are as follows:

The present paper addresses this gap by enhancing the quasi-min—max output-feedback MPC
framework of Park et al. [29].through a redefined, increment-based cost function combined with

one-step predictive dynamics.

In this paper, we propose an improved quasi-min—max output-feedback MPC approach tailored for
LPV and hybrid systems. Building on [29], we.adopt the same measurability assumption for current
system parameters, but depart from it in two respects. First, we reformulate the optimization cost
function in terms of the input increment Au‘ratherthan the absolute control effort u — in contrast to
[29], which penalizes u directly — and incorporateone-step predictive dynamics consistent with

this formulation, which mitigates switching-induced disturbances in the control law. Second,
combined with the natural convention u (—1) =0, this‘reformulation ensures that the initial control

signal is zero by construction, rather than by post hoc observation.
Our proposed framework presents the following key contributions:

1. A redefined cost function based on the input increment Au, incorparating one-step
predictive dynamics consistent with this formulation, which eliminates switching-induced
disturbances while enforcing zero initial control action by construction.

2. A comparative analysis (Section 2.3.1) that explicitly contrasts the proposed formulation
against [23] and [29] along these dimensions, together with a numerical demonstration on a

hybrid LPV system under both predefined and random switching signals.

2.PROBLEM STATEMENT



2.1. Description of the Dynamic System
Consider a MIMO linear parameter variable (LPV) discrete-time system, described by the

following dynamic model:

(1)

X(k)e R

ny
in which, Is the unmeasurable state of the system, y(k) €R is the measurable

u(k) eR™

output, is the control input, and s(k) is the time-varying switching signal, which is

measurable at each step”K and can be defined either dependent on or independent of the dynamic

system. It is assumed that [A(S(k))’B(S(k))’C(S(k))]EQECO{[A“B“C‘]} varies inside a

corresponding polytope €2 whase vertices consist of L local system matrices (number of piece-

C

wise linear regions) and are known at each step®K . Besides, ~° denotes the convex hull of the

aforementioned polytope.

2.2 Design of Off-Line Robust Observer

In the previous section, the dynamics of an LPV discrete-time system were introduced. Given
that the states of the system are unmeasurable, an off=line;'robust observer is used based on [29]. In
this study, as the states of system (1) are unmeasurable, we'use‘the following state observer to

estimate the system's unknown states:

(k+1)=A(s(k))%(k)+B(s(k))u(k)+ Lo(y(k)—C(s(k))k(k)) )

A

where, X(k) is the estimated state of the system and Ly is the observergain, which is necessary

to be determined in terms of LMIs. Note that, since we know the current system matrices

[A(S(k))} and [B(s(k))] the output y(k),and the estimated )A((k) at each steprk; )A((k+1)

K(k+1+i)

can be calculated using the state observer (2), whereas , =1 js uncertain:

Park et al.[29] designed an off-line robust observer in order to estimate the states of the dynamic

system from its output feedback. In this regard, the estimation error of states is defined as

e(k) - x(k)—x(k)_ Considering Egs. (1) and (2), the error dynamics can be defined as:



3)
e(k-+1) = (A(5(K)) ~L,C(s(k))Je (k)

L

where [A(s(k))|B(s(k))] € Q. In the following, we determine the observer gain —° in terms of
LMI. Consider a quadratic function for the estimation error e(k) , as E(e(k)),
E(e(k))ze(k)T Pe(k),P, >0 (4)

in which, P isa positive definite matrix. If E(e(k)) satisfies the stability condition:
E(e(k+1+i))- p’E(e(k+i))<—e(k+i) Le(k+i) (5)
If condition (5) is satisfied, the estimation error dynamics are exponentially stable, which

guarantees that the estimation error. converges to zero, i.e, e(k) —0 as K= InEq. (5), for

i20 £ and L. are the decay rate.and the weighting matrix respectively and are determined by
A(k#1)=A(s(k+i))-L,C(s(k+i))

the designer. Substituting in Eq. (5), the equation can be

rewritten as follow:
p?Py—L, — Ak A1) P&k +i)>0 (6)
Using the Schur complement [31], Eq. (6) is explained as:
PPy —L, —(PyA (k+i)) P (P A(K £i))>0 @)
By using the Schur complement [31]it is possible to cast thednequality (7) in the following form:
‘Py-L, *
p 0 -e > O
P,A(k+i) P
(8)

Substituting Yo =Rl we see that (8) is equivalent to:
p*Py—L *
0 ) e >O
PA(p(k+i))-YL P

(9)



[A(p(k+i)) B(p(k+i))]

Since the inequality (9) is affine in
[A(p(k+i)) B(p(k+i))] @

j=1,.L

, it is satisfied for all

1 1 H - A y B i C
and since Q is a convex polytope with vertices [ P J],

P, >0

, satisfaction over the entire polytope is guaranteed If and only if there exist and

Yo such that

|:p2P0_Le *

>0,j=12,..., L
PA-YEL P

(10)

PA, —Y,C

In Eq. (8), (9) and (10) * denotes the transpose of .the observer gain Lo s given by

_p-l "
Lo=P"Y, and hence'the estimated state vector X(k) in EQ. (2) converges to the real states of

the system X(k).

P, >0 oy Yo=PL

In summary, if there exists a o which satisfies the constraint of Eq. (8),

L

then the obtained observer gain —° and thesstability of the dynamic error of Eq. (4) can be

guaranteed for any [(A(s(k))|B(s(k)))} . and finally, as K = one can conclude that

% (k) = x (k).

2.3. MPC-Based Control with On-Line Output Feedback

To achieve the desired control function for a dynamic system, such-as the regulation of the output
signal, it is essential to first define the cost function and the constraints/of the system. Subsequently,
based on the assumptions and concepts presented in Section 2.2, the objective is to design a control
scheme that can stabilize the system by optimizing the cost function whilg satisfying the associated

constraints.

The following assumptions are made throughout this section:

Al. The current system matrices A(S(k))’B(S(k)) ,and C(S(k)) are known at each sampling

instant  k , since the switching signal s(k) is measurable.

A2. The future system matrices for k+i (i >1) belong to a known polytope (Q).



A3. The pair (A(S(k))'B(S(k))) Is stabilizable and (A(s(k))’ C(s(k))) IS detectable for all
admissible s(k).
A4. The control input satisfies the amplitude constraints

j=12,..n, k20 (11)

u

A5. _The robust observer designed in Section 2.2 ensures that the estimation error
e(k)=x(k)=%(k) 25 Koo

Remark«(Practical justification and limitations of Al). Measurability of s(k) holds when the
switching signal'is determined by a directly sensed physical quantity, such as a measurable position
or force threshold. Small'measurement noise in s(k) is implicitly tolerated by the polytopic uncertainty
set Q, whereas persistent misclassification of the active mode invalidates the robust stability
guarantee, since Q presumes correct vertex identification. Alternative approaches, such as dwell-
time-based switching detection.or recursive parameter estimation, may be used to obtain a reliable
estimate of s(k) in such cases.

Since in the works of Lu‘and Arkun [23] and Park et al.[29], future states are not explicitly
predicted, the predictive capability ofithe dynamic model is not fully exploited. However, because
the current state of the system is either measured or accurately estimated by the observer, the
predictive model can forecast the system /behavior one or more steps ahead. This reduces the
uncertainty in future predictions and leads to less conservative control actions.

Accordingly, the central contribution of this studyuis the reformulation of the cost function using
input increments Au instead of the absolute control effort u, incorporating one-step predictive
dynamics consistent with this formulation. This modification<effectively mitigates unwanted
disturbances caused by abrupt switching and discontinuities in the control signal. Furthermore,
adopting the convention that no control action exists prior to theunitial time,instant, it enforces a zero
initial control action by construction, which is highly desirable from'a practical implementation
standpoint. Overall, these enhancements ensure constraint satisfaction and robust stability while
producing smoother control signals across switching instants.
In our model predictive control scheme, the following predictive model is introduced to forecast the
future states of the system (1):

%, (K+1+ilk) = A(s(k+1))&, (k+ilk)+B(s(k+i))u(k+ilk)
(12)

% (kK)=%(k), i>1

%, (K +ilk)

Where denotes the predicted state of X(k * ') of the system in Eq. (1), and u(k) [

the future control input for step K+ considered at step K. For this purpose, assume that



%, (kIk) = (k) = u(k|k)

, and the first element of the computed control sequence is u(k) . Inthe

u(k+ilk)

future steps, is estimated as follows:

u(k+i|k)=‘I’(k)§(p(k+i|k), i>1 (13)
where, ‘P(k) is the future feedback gain introduced at step K. Using the optimization strategy

introduced in'[29] , this method proposes to minimize the infinite horizon objective function Jo (k)

at each step” K as:

min max Jg (k)
(kK ) [(A(s(k+i) IB(s(k+1))) Je,i=0

3 (k)= 33(k)+ 37 (k)

(14)

From a physical and control-engineering standpoint, penalizing the absolute control effort u(k), as
in [23] and [29], does not distinguish'between a large but steady actuation and an abrupt jump
caused by switching between piecewise linear regions. In robotic systems, such abrupt jumps
translate directly into mechanical jerk and increased actuator wear, even when u(k) remains within
its admissible bound. Penalizing the input.increment Au(k) = u(k) — u¢k—1) instead directly targets
this rate of change — the quantity most closely associated with actuator stress — rather than the

control magnitude itself. This motivates the reformulation of the cost function in Egs. (14)—(15).

The input constraints from (11) should be added to Eg«(14). The terms in (14) are expressed as

follows:

au(k)=u(k)-u(k-1) k>1

35 (k) = 24 (kilk) " Qx (k+ilk) + au (K + k)" Rau (kK )|

o0
i=0

JL (k)= %, (k)" Q% (klk)+au(klk)" Rau(klk)

M

Il
N

37 (k)= 24 (kill) " Q, (k+ilk) + au (K +ilk)" Rau(k-+ilk) (15)

0

37 (k) ::Z{f(p(k+i|k)TQ)2p (k+ilk)+ au(k +ilk)" Rau(k +ilk) } =% (k+1k) Q% (k+1k)+J;

i=1



o0

3= i{xp (k)" Q% (k+ill)} + > fau(k+ilk)" Rau (k+ilk) |

i=2 i=1

Remark (Zero initial control by construction). Since no control action is applied prior to the initial

u(-1) =0 Au(1)=u(1)

time instant, we adopt the convention . Under Eq. (15), this gives , SO that

B(s(1))u(O . . . :
the term (S( ))u( ) vanishes from the predictive dynamics (12) at the first step. Because the cost

0
function Iy (k) in(15) penalizes Au(k) rather than u(k) directly, the optimization (46) drives
the first control action toward zero from the structure of the problem itself — unlike [29], where u(0|0)

is penalized as an abselute effort with no mechanism enforcing a zero initial value.

J2 , differing from

Where R>0 and Q> 0 aretthe weight matrices. By introducing an upper bound on
the approach proposed in [23;29], the quasi-min—max optimization problem for MPC can be derived.
This is achieved by defining.the following Switched Quadratic Lyapunov function:

The stability analysis in this subsection follows the standard Lyapunov-based argument for quasi-

min—max MPC established in [23] and [29], restated here using the notation r(k) and v (k+11k)

consistent with the predictive dynamics introduced above. The specific theoretical contribution of
this work does not lie in this generic Lyapunov-argument itself, but in how the resulting performance
bound is subsequently combined with the redefined-Au-based cost structure, as detailed later in this

section and analyzed comparatively in Section 2.3.1.

V (%, (k+ik)) =%, (k+ilk)" T (k)%, (k+ik)" i50, T (k)>0 (16)

V (&, (k+ilk))

it is assumed that satisfies the following stability condition at each step k for

[(A(s(k+))B(s(k+))) |e@i=1

Viii = XPii D XPy, (17)

. Consequently, Eq. (16) can be reformulated as follows:

Eq. (17) is valid for any subsequent action that leads to the following relation:

k+i+1
Vk+i+1 _Vk+i < _‘]k+i

. (18)
Ji = Xp,,,QXp,,; +au, ,Rau

K+i K+i K+i

V(%, (clk))=0

To guarantee the stability of the system, it is necessary that . Additionally;it is

essential to optimize all cost functions for all future steps. Consequently, the stability criterion in Eq.



(18) for each future step is incorporated into the criteria of other steps to establish an upper bound for

the summation of all cost functions based on Vi and Vk+1. In this work, the control law is derived
pased on V(k). This choice offers several advantages compared to the derivation from V(k+1) used in
previous studies such as Park et al. [29], which will be discussed later. Accordingly, the control law

in the' proposed approach is considered as follows:

J7 (k) <V, (19)
where
J7 + Xpg,,QXp, ., + ¢ <V, (20)
or
7 <Vy = XpQXpys — Jg (21)

In Eq. (21), the left side of the inequality is indefinite, while the right side represents the maximum

of J; . By optimizing the cost function while satisfying the input constraints, the control input is
defined as follows:

maxJy <3 (k) (22)

where, 5(k) is a non-negative variable to be.minimized. Considering (22) for each time step, the

following relation can be derived:

Vi - XleQkau - ‘Jé < 5(") (23)

To ensure the positive definiteness of the Lyapunov matrix and to prevent the invariant ellipsoid
from becoming excessively large (which could weaken the stability guarantee), the following
additional constraint is imposed [29]:

F(k)> el for e>0

where € is a small positive scalar. This condition guarantees a minimum eigenvalue for F(k) :
thereby ensuring the robustness of the closed-loop stability and the well-posedness of the
optimization problem.

In summary, to guarantee the stability of an LPV system with input constraints using MPC, the

quasi-min—max optimization problem of Eq. (12) must be solved in order to find the u(klk) as

¥ (k)

the control input and as the future feedback gain. Henceforth, we focus on the design of the

MPC scheme for an LPV system with LMI constrints and solve the quasi-min-max optimization



problem of the infinite horizon MPC scheme. This approach involves finding the solutions for

u(k) = u(klk) and ‘P(k) by solving the optimization problem in Eq. (14) while guaranteeing the
stability of the system and considering the effects of constraints on the performance and input

variables. Thus, the following functions can be defined:

Vi = Xplrkka
XPy., = AXP, +Byau(k)+L, (y(K)-C X, )+ Bu(k-1) (24)

J5 = Xp QXp, +au,Rau,
Considering Egs. (23) and (24), Eq. (23) can be rewritten as:

XpiT, Xp, —(Xpy + Xp. AL )Q(Xp, % A, Xp, )—aU" (B'QB)su—sU'Rau —[LO (y-CXy )+ Byu(k —1)]T Q[Lo (y-CXy )+Byu(k —1)] <5, (25)

I, =60"

Assuming that ki, in (25), the following expression can be derived:

1, = (XPy + XPLAL)Q(Xpy + AXP, ) +au” (BIQB#R Jau+[ L, (y ~C,Xp, )+ Bu(k —1)}T Q[L,(y-CX)+Bu(k-1)|  (26)

The remainder of this derivation relies on.three standard techniques from the robust LMI-based
MPC literature: Schur complements, congruence_transformations, and a change of variables to
eliminate bilinear terms — the same tools underlying/the derivations in [23] and [29]. We indicate
each step explicitly below rather than treating them as self-evident.

Then, the following inequality can be derived:

1+7, - Xp,® Xp, >0 (27)

Using the Schur complement, Eq. (27) results in:

1+7, *
{ Xp, (I)(k)} >0 (28)

Defining the complementary equation and some auxiliary matrices as:

noo T !
+A'®A>0
{ka m(k)}

(29)

A _|0Xp, 0 | {0=(I+AT)Q(I+A),

ﬂéAuk 0 B=B"QB+R



n=1+[L, (y-CX)+Bau(k —1)}T Q| L, (y-Cu¥)+Buu(k-1)|

Then, by again applying the Schur complement, the aforementioned inequality will result in:

M *
>0
T

1 (30)
* 02X 0 sl 0
M = N L T= Py I =
Xp, @ 1 0 ol
p2u, 0

Hence, for the next.step, it is necessary to define a constraint which can guarantee the stability of

the system with'regard to the future inputs. Substituting u(k+ilk) =¥ (k)x, (k+ilk)., i 21, and

also considering Eq. (17) and the future states of the prediction model in Eq. (12), we obtain:
% (k+ilk)" p(k)x, (k +ilK)—%, (k+ilk) o(k+i) T(k)o(k+i)%, (k+ik)>0  (31)

where,

p(k)=P(K)-Q-¥ (k) R¥ (k)

(32)
o(k+i)=A(s(k+i))+B(s(k+i))¥(k)
Therefore, the following relation can be derived:
p(k)-o(k+i) (k)o(k+)>0 (33)

-1
Multiplying by 5(k) >0 and pre- and post-multiplying by F(k) — a congruence

ST (k)
transformation that preserves the sign of the inequality since IS nonsingular — this
inequality becomes:

-1
Considering F(k) B S(k)cl)(k) and again using the Schur complement, Eq. (34) can be
shown to be equivalent to:



{ N *}o )

By introducing the change of variables Y(k) =8 (k)@(k) _ a standard substitution used to

eliminate the,bilinear dependence on ¥ (k) and @ (k) and render the inequality affine — Eq.
(35) results in:

P(k) ) }@(k)Tn(k)@(kpo (37)

where,

1
f (38)
Q@(k) 0
O(k)=| -,
R2Y{(K), O
Additionally, we can obtain the following matrix inequality using the Schur complement:
_q)(k) * * *
S(k D (k * *
() @) g o

Q”@(k) 0 sk *
| R¥”Y(k) 0 0 Sk

where * denotes that the matrix is axisymmetric. The aforementioned inequality, as stated in Eq.

[(A(s(k +i))B(s(k + i)))}

(39), is affine in if and only if Y(k) and (I)(k) exist.such that:



12 * >0, j=1,2,...,Lg
Q®(k) 0 8(k)I

R”Y(k) 0 0 &kl

(40)

S;(k)=A;®(k)+B;Y (k)

where, and the general format of the matrix is axisymmetric. Then, it

[(A(s(k+i))B(s(k+i))) |

can be denoted that Eq. (23) is satisfied for
T (k) =8 (k)@ (k)

Considering
for some €>0 it results in:
3(k)I-ed(k)>0 (41)

In addition, it is necessary to consider the constraints on the control input, as well as for the

K +ilk)

future control sequences u( . For these constraints, it is required to define an upper bound

for the control input as follows:

Ju(k+ifk)[ <u j=12,...n, ix1 (42)

j,Amax ?

Hence, it can be concluded that:

max|u (k + ik = max (Y@ % (k +ilk)). < max (Y %) ‘< (Ym%); =(Yoy"), "
Therefore, if there exists a symmetric matrix, SU{such'that:
Su(k) = , 4
{Y(k)T (I)(k)}>0/\8ujj<uj,maX =42, ...,n, (44)
Then, it guarantees that:
u(k+iK)| <Uj e §=12...0,, iz1 (45)

Therefore, the input constraint in Eq. (45) is guaranteed for’ J=12..n, | 21.

Theorem: Theorem: Suppose Assumptions A1-A5 hold, and suppose the optimization problem
in EQ. (46), subject to (12), (13), and (47)—(51), is feasible at some time step ko — that is, there exist

u(k0|k0)’ Y(ko),and <I)(k0) satisfying (47)—(51) with a finite 5(k0).Then the optimization



problem is feasible at every subsequent step k > ko (recursive feasibility), and the resulting control

jaw UK = ¥ (k) p(k+ilk) | ¥ (k) =Y (K)o (k)”

, guarantees asymptotic robust

stability of the closed-loop system, i.e., X(k) —0 as K— @ forall [A(S(k))| B(S(k)))] €

Implementing the aforementioned optimization problem, it can be concluded that:

o170, oy (K) (46)
B M * * * ]
Xp, (k) * *
1/2,\ 0
(+A QU+A)) )N * 5k e * | 47)
(BQB+R) “@u(k) =0 0 3(K) N
_(D(k) * * * ]
S (k @ (k * *
’52) (k) >0, j=1,2 ..1L, (48)
Q (I)(k) 0 8(k)lnx*nx *
| R%Y(k) 0 0 5 (k) 1t |
3(k)I—e®@(k)>0 (49)
. (k
|:uj,max uJ( ) j|>0 (50)
Ui (K) U
Su(k) = :
: >0,Su; <uf.. j=12,...,n,
Y(k)' @(k) (51)
where Egs. 47 and (48) are axisymmetric matrices and
~ \TT -
n=1+|L,(y-CX,)| Q[LO(y-ckxk)]Additiona"y’
S, (k)=A®(K)+B,Y(k) 52)
If u(k|k)1 Y(k) and q)(k) are available for X(k) and y(k)’ the future feedback gain

‘P(k) results from ‘P(k)::Y(k)d)(k)_l

. Egs. (47) to (52) are derived from the conditions and



F(k)>SI

inequalities resulting from Eq. (23), the stability criterion in Eg. (18), and . If there exist

Y(k), (D(k) and S(k) such that Eq. (46) holds and if
% (k1K) Q. (kIK)+au(k[k) R au(k|k)+%, (k+ilk) T(k)x, (k+ilk)<3(k)
(53)
Then

%, (k+i1k)" T (K)%, (k+i[k) <5 (k) (54)

Assuming that Qand R are positive definite, and considering Eq. (18), the result can be expressed
as:
%o (k+i+11K)" T()R, (k+i+ 1]k ) =Ry (k+i 1K) T (k) %, (k+i1k) <= %, (k1K) @, (kIK)+ au(k|k) Rau(k|K) |, =1 (55)
or equivalently

s (k+i+11k) T(kK)x, (kti+1]k)<x, (k+ilk) T(k)%, (k+ilk), i>1 (56)

e:={X, e R* K T(K)%, <3

Therefore, P } is an invariant ellipsoid for the predicted future states

%o (k+' | k)’ ' 21, of the uncertain system. Then, based on Egs. (53)-(56), the input constraint can

be cast as LMI constraints as presented<in Eqgs. (42)-(44). To guarantee the robust stability of the
system, it is first necessary to ensure that the optimization problem provided in Eq. (46) at step k

emains feasible at step K+1, This is formulated in the following equation:

au(k+1k+1)=au(k+1|k) =" (k)% (k+i|k)
(57)
I'(k+1)=r(k)

This shifted sequence satisfies all the LMI constraints (47)—(51).as well as the input constraints,
due to the stability condition (27) and the invariant ellipsoid property (56). Therefore, if the
optimization problem is feasible at the current time step, it remains feasible at all subsequent time
steps. This recursive feasibility property, together with the Lyapunovi.decrease condition, is

fundamental to guaranteeing the asymptotic robust stability of the closed-loop system.

Then, it is necessary to check Egs. (47), (49), and (50), since they include S(k), X(k), y(k),

u(k | k), that change at each step K. First, by the satisfaction of (51) at step k| Au(k+1| k)

su(k+1[k+1)=au(k+1|k)=¥(K)%, (k+i]k)

and

is feasible. Then, considering , it is clearly stated



that (50) is satisfied at step K + 1. In the next step, (47) should be checked. Based on (47) and Eqgs.

(54)-(56), the following terms are substituted as au(k+1lk+1)=au(k+1lk)="¥(k)%, (k+ilk)

r(k+1)=T (k)

and . Then, (47) can be rewritten as

s (k+11K) g(k)x, (k+11k) %, (k+1]k) &(k+1) T(k)&(k+1)%, (k+1]k)<0 (58)

In this context, let ¢(k)=T(k)-Q-@ (k) R®(k) and

é(k+1)=A(s(k+1))+B(s(k+1))(I)(k). Since Eq. (48) is satisfied at step K, the inequality

presented in Eqg. (58) holds, .ensuring the feasibility of the optimization problem in Eq. (46).

Considering (48) and (49), it.i$ guaranteed that there exists &> 0 that satisfies S(k) I _‘c’q)(k) >0

for any t> K. Now, the stability constraint (23) guarantees that Xp(k | k)::x(k)’ u(k | k), and

%, (k+1]k) (K)>el

converge to zero, singe Q&R>0 , and I . In-addition, it is concluded from

section 2.2 that the estimated state X(k) will converge to the system state X(k) as Koo

Therefore, the feasibility of solving the optimization problem (46) guarantees the asymptotic robust

—0 as K—). Then, thesproposed robust output feedback MPC scheme is

min o(k
described as U(KK)- (k). ®(k). X(k) ( subject to (12), (13)y'(47)—(51) and at each step k, to implement

au(k]k) u(klk) u(k+ik)

stability, (e, X(K)

the first control input and , the optimal control sequence will be

determined by solving the aforementioned optimization, considering thesmeasured output y(k) and

the time-varying parameter S(k).

It is worth mentioning that the linear matrix inequalities (LMIs) derived in this. paper were
implemented and solved in MATLAB using the YALMIP toolbox interfaced with'the MOSEK solver.

To ensure reliable numerical conditioning, all weighting matrices were appropriately scaled, and a
small regularization term e=10" \vas added where necessary. The condition numbers of the

resulting LMIs were monitored throughout the simulations and remained below 106, indicating well-
posed and numerically stable problems. No solver failures or numerical instabilities were observed

in any of the tested cases, including both predefined and random switching scenarios.



2.4 Comparative Analysis with Existing Quasi-min—max Approaches

To clarify the specific contributions of the proposed cost function relative to prior quasi-min—max
MPC formulations, Table Y summarizes the key structural differences with Lu and Arkun [23]and
Park et al [Y4].

Table™ Structural comparison of the proposed approach with Lu and Arkun [YY] and Park et al. [29]

Lu&
Proposed approach Park et al. [29] Feature
Arkun [23]
State
Output feedback Output feedback Feedback type
feedback
Au (k) Absolute u(k) Absolute Cost function
solute u
(rate of change) u(k) penalty
Explicit separation of . R
5 ull1 2((k+1k)) =% (k+1) Predictive
deterministic term %’ (k-1) ' — dvnamics
. ) further decomposition y
from uncertain propagation
i (U(=1)=0 Not
Zero by construction ( Not.enforced Initial control value
enforced

convention + AU - based cost)

Switching-induced

Directly penalized via Au(k) Not :
Not addressed fluctuation

addressed
term mitigation

3.SIMULATION RESULTS

To demonstrate the effectiveness of the proposed quasi-min-max approach for output feedback
model predictive control in comparison with the prior research [29], a numerical example'is evaluated.
The linear parametric variable (LPV) system switches between three different system dynamics,

which are given by:
x(k+1) = A, (a(k), b(K))x(k)+ By ((K))u(k)

y(k)=Cax(K)

(59)

where,



0.8500  —0.0743xa, (k)

A (a(k), b(k)) {o.osnxbi (k) 0.9050
(60)

B (v(k))=", (k){g:;ggg } C =[0.65-0.50] i=12,3

The unknown parameters are defined as a(k)6{1’1'7’2'4} : b(k)€{1’1'5’4'3} and

Y(k)€{0'33’ 0.66, 1} , Which change based on the switching signal, either dependent on or

independent ofsthe operating point of the system. The initial states of the system are selected

x(0)=[-15-0.2]"

according to EQ. (59).as , and the initial states of the observer are selected by

%(0)=[0.5 1]

Eg. (2) as L . Taking into account the input constraint introduced by Park et. al.[29],
k)<L k>0 N . : .

‘u( )‘ <% , and the«decay rate, the weighting matrix and the state observer gain are obtained as

given in Table Y.

Table ¥ Observer parameters obtained from Theorem1

Parameters Final value

Decay rate p=+/0.7

- : 10
Weighting matrix L. = 0 1

observer gain L, =[0.4631 —1.4336]T

x 7

To determine the optimal control input Y (k) , Which satisfies the aforementioned input constraint,

one should solve the optimization problem in Eq. (12). Considering the other design parameters as

1 0
_{0 1] R=1 and €=0.001 the general problem will be solved online. In most cases, it is
assumed that the changes in the system's parameters are imposed by the operating point of the system.
As a general case, consider the switching signal between different piecewise linear dynamic systems
independently. Hence, for generating a general condition representing the system dynamics at any
specified time step, two different switching signals are used: the defined switching signal (DSWS)
and the random switching signal (RSWS) (Fig. 1).



Switiching Signal

0 20 40 60 80 100
Time Step

(@)

Switching Signal
S

1,
0.5 .
O r r r r
0 20 40 60 80 100
Time Step
(b)

Fig. 1 The representation of a dynamic system by the use of switching signals: (a) defined switching signal (DSWS)
(b) random switching signal (RSWS)

4.RESULTS AND DISCUSSIONS

The aforementioned method was implemented on an LPV system that'exhibits switching
characteristics in its dynamics. Fig.2 shows a comparison of the system output for the proposed
improved quasi-min-max approach with output feedback model predictive'control versus the
method described in the research [23, 29]. The RMS of the system output for [29]-and the
proposed modified approach are 0.1729 and 0.1749, respectively — a marginal increase of
approximately 1.2%. This small degradation in tracking performance is an expected and
interpretable consequence of the Au-based cost formulation: by penalizing the rate of change in
control effort rather than its absolute magnitude, the optimizer no longer directly minimizes u(k)

at each step, trading a small amount of tracking optimality for the reduced switching-induced



control fluctuation demonstrated in Fig. 5 This trade-off is analogous to that observed in rate-
weighted DMC/MPC schemes in industrial practice, and is consistent with the practical
objective of this work — namely, smoother, implementation-ready control signals — rather than
representing an unexplained degradation in performance. The RMS of the system output for the
proposed improved MPC with output feedback compared to the one in [29]is presented in Fig. 3
for a given switching signal.

m === System Output (Park et. al.) ||
= System output (modified)

- -4 r r r r r
0 0 10 20 30 40 50 60 70
Time Step
(a)
1.2 : : T : :
=== System output ([Park et. al.])
1- =— System output (modified) 7

049 10 20 30 40 50 60 70
Time Step
(b)
Fig. 2 System output; a comparison between the improved approach vs [29]for Q=1xl andR = 1, (a) DSWS
(b) RSWS

The results presented in this figure show that by increasing the parameter Q while keeping R

(R :1)

constant , the reported RMS does not change significantly. Therefore, for designing the

controller, the values for the weighting matrices R and Q areselected as Q=1x1and R=1,



— modified
==*[Park et. al.]

0.25 i

0.15 ]

0.1 [ r r [ r r r r

Fig. 3 The root mean square (RMS) of the system output; a comparison between the improved approach vs.[29], for

the variation of Q and R=1 for Dsws

As observed in the results, despite the significant changes made in the definition of the cost
function to minimize or eliminate unwanted switching in the control input, both approaches exhibit
similar behavior in regulating the outputs of the control system. Fig. 4 presents a comparison between
the estimation errors of the system output for both“approaches. Although both methods show good
convergence in tracking the estimated output<values, the proposed approach demonstrates faster
convergence with minimal deviation even at the initial times. Fig. 4 illustrates that the proposed

observer performs well in both approaches.
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Fig. 4 Estimation error of the system output; a comparison between the improved approach vs. [29]for Q and

R=1 (ayDSws (byRSWS

Fig. 5 depicts the control input which is obtained by selving the optimization problem in Eq. (46)
at each sampling instant. The arrows in Fig. 5 indicate the switching.instants of the system dynamics.

As shown, both the proposed approach and the method presented by Park et al. [29]satisfy the input

constraint ‘u (k)‘ <Lk=0 However, the proposed approach exhibits smoother control behavior with

reduced input fluctuations during switching events. Furthermore, the cantrol input is initialized at

zero, i.e., (u(0)=0)
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Fig. 5 The control input of the system; a comparison between the improved approach vs.[29] for Q and R= 1,

(a) DSWS (b) RSWS. Arrows show the points when the switches occur in the dynamics of the system

It also enables to reduce system uncertainties and impraves tracking behavior. However, the
switching phenomenon is more pronounced when random switches oceur, between different linear

dynamics of the system (Fig.5-b).

Fig. 6 illustrates the results of control inputs over time while varying the weighting parameters. In
this scenario, the proposed modified approach in the current research demonstrates.superior
performance compared to [23, 29]. The explanation for this can be attributed to'the cost function.
The modification in this approach is due to its operation at the coordinate origin, resulting’in a

change in the cost function.

As shown in Fig. 6, the effectiveness of the proposed method in controlling inputs is evident. The
proposed method ensures that the initial control input remains zero and minimizes sudden changes in

the signal due to switches in the system dynamics. In this regard, the proposed method exhibits



relatively better performance compared to [29]. The ratio R/Q governs a trade-off embedded directly

in the LMI stability constraints rather than merely scaling the control signal. As Q increases relative

X TQX i i i (k)
to R, the state-penalty term *p ~%p in Eq. (47) dominates the cost structure, requiring a larger
to satisfy the LMI (47)—(48) for a given predicted state. Since the input-constraint LMI (44) bounds

the admissible control set in terms of 9(K) and ‘I’(k), a larger 3(k) tightens this bound, pushing
the optimal u (k) closer to its saturation limit — consistent with the increased control effort observed
in Fig. 6 as Q grows. Notably, Fig. 3 shows that this increased control effort yields little corresponding
improvement«in RMS output, indicating that beyond a moderate Q, the additional control effort
primarily‘tightens the stability margin rather than improving tracking performance. This motivates
the choice of Q =1%1 and R = 1 adopted in this study, which keeps the RMS error low while avoiding
unnecessary control effort and stability-margin tightening.

This improvement is attributed to the reduction of uncertainties' effects on system robustness
achieved by the MPC approach, which modifies the control law and makes the weighting matrices
independent of undefined parameters. Consequently, it becomes possible to mitigate unwanted

switches and discontinuities in‘control efforts while guaranteeing the initial value of the control signal

to be zero at t=0.
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Fig. 6 Comparison of the system control input; (a) DSWS of [29],(b) RSWS of [29], (c) DSWS of the modified
algorithm, (d) RSWS of modified algorithm



In addition to the numerical benchmark presented above, the practical applicability of a closely
related output-feedback MPC formulation — incorporating one-step predictive dynamics and a Au-
pased. cost function — has been experimentally validated on a haptic robotic training system in our
related work [39]. In that study, the controller was applied to a third-order (nx=3) hybrid LPV
system representing a Novint Falcon parallel robot interacting with switching tissue-fracture
dynamics; the haptic device, which naturally exhibits parameter-varying and uncertain dynamics
due to human-operator interaction and mechanical nonlinearities, was successfully stabilized under
real sensor noise andtime-varying interaction forces recorded from multiple experimental trials.
These experimentalresults, together with the numerical example presented above, support the
practical applicability of the proposed formulation beyond the second-order simulation reported
here.

While the present study facuses on RMS output tracking as the primary performance indicator, a

comprehensive quantitative comparisen-— including control energy, settling time, a quantitative

index of switching-induced control variation (e.g., total variation of u(k) at switching instants),

and closed-loop sensitivity to measurement noise in the switching signal s(k) — is left for future

work.
5.CONCLUSION

Many physical systems exhibit nonlinear dynamics that cannot be adequately represented by linear
models. Although nonlinear control methods exist, they are often computationally expensive and
difficult to implement. Linear parameter-varying (LPV)_.systems offer a practical solution by
generalizing nonlinear dynamics through a collection ©f linear» models while remaining
computationally tractable. Nevertheless, mode switching in suchssystems ¢an induce instability and
sudden jumps in the control signal. Model predictive control methads have been widely applied to
LPV systems; however, existing formulations often produce non-uniform control'signals and do not
guarantee a zero initial control action at the start of operation. These limitations are critical for
achieving consistent performance in real-world applications such as haptic. virtual reality,

teleoperation, and robotic systems.

A modified robust output-feedback MPC algorithm based on the quasi-min—max method is‘proposed
for LPV and hybrid systems. An offline robust state observer is first designed. A cost function that
penalizes the input increment Au, together with consistent one-step predictive dynamics, is then

introduced. This formulation reduces unwanted disturbances caused by switching in the control



signal, ensures convergence of the output to the desired values, and maintains robust stability under
input constraints. Moreover, the initial value of the control effort is zero by construction, a property
of practical importance.

The proposed algorithm is evaluated on a hybrid system under two scenarios: a predefined switching
signaliand a random switching signal. In both cases, closed-loop stability and observer performance
are confirmed, and the control input starts from zero. In addition, the switching-induced control
fluctuations observed in the baseline method [29] are substantially reduced, as illustrated in the
simulation results, although they are not entirely eliminated—a trade-off that is analyzed in the
comparative sectionof the paper. Overall, the proposed modified MPC scheme for linear parameter-
varying and hybridSystems guarantees robust stability of the output-feedback closed-loop system and

ensures convergence of thewoptimization subject to input constraints.
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