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Experimental and Numerical Analysis of Electromagnetic Energy Harvester Based on 
a Vertical Magnetic Cantilever Beam
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ABSTRACT: In this paper, an energy harvesting system is studied, which is modeled as a vertical 
cantilever beam with a harmonic base and includes magnetic springs, some magnets, and coils converting 
the mechanical vibrations into electrical energy, and a resistive load that consumes the harvested energy. 
The governing equations of motion and the induced current flowing in the resistive load are derived 
based on the Lagrange equations. The model is validated using a manufactured prototype with three 
different resistive loads to show the effect of viscous damping on the harvested energy. It is proven that 
the increase of the external resistance leads to the reduction of both the current flowing in the coil and 
the electromagnetic damping coefficient. Therefore, system dissipations are reduced and output power 
is increased. Also, for any resistive load, the experiments are repeated for different locations of the 
magnetic springs, which shows that the proper adjustment of the location of the magnetic springs makes 
it possible to harvest maximum energy. From experimental results, the output power is finally obtained 
in the range of 1.8mW , which is good for low-power applications.
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1- Introduction
With recent advances in wireless electromechanical 

systems, sensors can be placed in almost any location and 
physical condition. These wireless sensors require a built-
in power supply, and most of their power is provided by 
conventional batteries that have a short lifespan and must 
be replaced periodically. On the other hand, in the long 
run, replacement, maintenance costs, and the destructive 
environmental effects of these energy sources seem to be a 
great challenge [1-4]. Energy extractors are a good alternative 
to batteries. These devices convert wasted energy in the 
environment into useful energy (usually electrical energy), 
and are referred to as new energy converters. Harvesters are 
very important as they can supply energy for low-consumption 
devices that work independently [5-9].

One of the most popular sources for energy harvesting is 
environmental vibrations, such as the vibrations of buildings, 
vehicle systems, and the vibrations of any structure that is 
affected by the force of wind and water waves. Electromagnetic 
[10, 11], electrostatic [12, 13] and piezoelectric [14, 15] are 
three basic transducer types employed to convert vibrational 
energy into electrical energy. 

In [16], a single beam connected to the sea floor was 
investigated, in which sea waves can cause the beam to vibrate, 
and electrical energy was absorbed by the piezoelectric cells 

embedded on the body of the beam. In [17], an electromagnetic 
generator was mentioned. According to the cylindrical shape 
of the device and the presence of coils and magnets embedded 
inside it, the system was studied analytically and semi-
analytically. Depending on the movements or daily activities 
of the person (walking, sports, etc.), the cylinder carrying the 
energy picker was shaken, and by moving the magnet in the 
cylinder chamber, the current was induced in the circuit.

In [18], energy extraction with the help of electromagnetic 
and piezoelectric converters was studied. In contrast to 
conventional methods of energy extraction, the concept of 
transfer and displacement of a single beam was discussed 
in this study. Experimental tests and ideal conditions to 
harvest maximum energy from the mechanism were studied 
for different input frequencies. Experimental results showed 
the effect of vibrations caused by a fixed base on energy 
harvesting, and it was observed that the electromagnetic 
energy harvesting device with harmonic bases has a higher 
amount of acquired energy. In order to increase the amount 
of energy harvested based on vibration, an energy harvester 
consisting of four piezoelectric interlocking beams that are 
radially around a circular plate was proposed in [19]. In 
this structure, the ferromagnetic substrates and a permanent 
magnet in the middle of the energy converter circle were 
placed.

In [20], a nonlinear vertical beam with a concentrated 
mass at the end was proposed as an energy harvester. The 
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transverse vibrations of this beam in the direction of gravity 
were analyzed. Also, the dynamics of the electromechanical 
system and the effect of forces on the structure were 
investigated. A new cantilever beam was studied in [21] 
to improve the output power of a cantilever beam-based 
electromagnetic vibration energy harvester. With the help of 
the ball-screw mechanism, an energy-regenerative vibration 
absorber was investigated in [22], which can be applicable 
to harvest energy from vehicle suspensions. In [23], the 
potentiality of harvesting energy from a vibrational structure 
based on double cantilever beams was investigated.

 An adaptive control method was proposed in [24] to 
solve the tracking problem for an electromagnetic energy 
harvester. This mechanism has been studied theoretically. 
However, from an experimental point of view, the governing 
equations of the system studied in [24] including equations 
of motion and electrical equations should be changed, which 
can subsequently affect the amount of harvested energy. 
Hence, the purpose of this paper is: 1) to investigate the 
electromagnetic energy harvesting system proposed in [24] 
experimentally, and 2) to construct a prototype to validate 
the new mathematical model. The main contributions of this 
research are:
•	 The system studied in this research is the one presented in 

[24], which consists of a vertical cantilever beam with a 
harmonic base, magnets, coils, and magnetic springs that 
can be placed at different heights from the beam base.

•	 When the beam vibrates, a relative movement occurs 
between the magnetic tip of the beam and the coils, 
which leads to a change in the flux passing through the 
coil. As a result, the induced current flows in the coil. 
When this induced current passes through a resistive load, 
electromagnetic damping occurs, which is not considered 
in [24].

•	 Compared to [24], due to the current passing through the 
resistive load and the subsequent occurrence of viscous 
damping caused by the effect of the electromagnetic 
mechanism on the energy harvesting structure, a complete 
mathematical model is presented in this research.

•	 The magnetic springs and their displacement play an 
important role in the beam oscillations. Unlike the other 
works, such as [16-18, 25] and [19, 20, 26], the oscillations 
of the beam are affected by the location of magnetic 
springs, and consequently, the amount of harvested energy 
can be changed.
The rest of this paper is organized as follows: The 

proposed electromagnetic energy harvester is modeled in 
Section 2. The effectiveness of the mechanism is evaluated 
through simulation and experimental results in Section 3. 
Finally, we conclude this paper in Section 4.

2- Mathematical Modeling
The electromagnetic energy harvester with the 

configuration of the system presented in [24] is considered 
as shown in Fig. 1. This mechanism consists of a vertical 
cantilever beam, the magnetic tip mass, the magnetic springs 
embedded on the beam body, coils, and a simple electrical 

circuit including a resistive load, which is connected to the 
coil. The beam is fixed in the harmonically excited base. 
When the base is excited and the beam is vibrated, its free 
end will oscillate. Then, by moving the magnetic tip of 
the beam into the coil, an electric voltage is induced in the 
coil according to Faraday’s Law of Induction. Meanwhile, 
by changing the location of the magnetic springs, the 
displacement of the free end of the beam will be changed, 
which can affect the amount of harvested energy. The induced 
voltage, which will be discussed further, is applied to both 
the external resistance LR and the internal resistance of the 
coil cR . Due to the existence of LR , the induced current will 
flow in the electric circuit. In this way, mechanical energy is 
converted into electrical energy.

2- 1- Governing Equations
In this section, the governing equations of motion have 

been extracted using the Euler-Lagrange Method. For this 
purpose, at first, the potential energy U , kinetic energy 
T and nonconservative work of the system dW  must be 
computed.

 It must be noted that according to the coordinate system, 
which is shown in Fig.1, it is assumed that the cantilever 
beam is excited in base only in the y direction, and so its 
vibration is only a transverse planar vibration in this direction. 
So, assuming the base excitation is harmonic, the function of 
base excitation can be written as

(1) ( ) cos( ),ey t A t  
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where eA  and ω  are the amplitude and frequency of base 
excitation, respectively. The potential energy of the beam 
is the sum of the two potential energies 1U and 2U . The 
potential energy 1U  consists of the strain potential energy 
of the beam, the potential energy stored in the springs, the 
electromagnetic energy stored in the coil, and the magnetic 
potential energy stored in the magnetic field. So, one can get 
[27]	

(1) ( ) cos( ),ey t A t  
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where SE  is the elastic modulus, SV is the beam volume, 
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SI is the second moment of the beam surface, SA is the beam 
cross-section, L is the length of the beam, c is the beam 
thickness, tK  is the equivalent stiffness, a  is the magnetic 
spring height from the base of the beam, cL  is the coil 
inductance, Q  denotes the charge passing through the coil, 
and BlC  indicates the electromagnetic coupling coefficient, 
which can be defined as .Bl avg coilC B l=  where avgB  and coill  
represent the average magnetic flux in the coil and the coil’s 
length, respectively [28]. Also, ( ),x tϕ  denotes the angle of 
the beam curvature with respect to the vertical direction, the 
axes x  and y  are in the direction of the length and the 
transverse displacement of the beam, respectively, as shown 
in Fig. 1. The axes origin is based on the beam. The curvature 
of the beam in position x and time t  is as ( ),x tϑ , and the 
transverse displacement of the beam is as ( ),w x t , in which 
to calculate 1U , we have x L= .

The potential energy 2U  represents the gravitational 
potential energy of the beam with its end masses (i.e. 
magnets), which can be written as	

(1) ( ) cos( ),ey t A t  

 

 
   

 

2 22 2
1

2

1 1, ,
2 2

1 ,
2

S
s s tV

c Bl

U E c x t dV K a x t

L Q C Q w L t

  

 


 

(2) 
   

 

2 22 2

0

2

1 1, ,
2 2
1 ,
2

S

L

s s tA

c Bl

E c x t dA dx K a x t

L Q C Q w L t

  

 

 
 

 
   

 

2 22

0

2

1 1, ,
2 2
1 , ,
2

L

s s t

c Bl

E I x t dx K a x t

L Q C Q w L t

  

 


 

 

(3) 
 
 

   

    
2

0

, ,

, ,

S

S

s tV

L

s s tA

U g u x t dm m gu x t

g u x t dA dx m u x t

   

 



 
 

       0
, , ,

L

s s tg A u x t dx m u x t   

 

 
 

   

2
1 2 0

22 2

1 ,
2

1 1, ,
2 2

L

b

t c Bl

U U U S x t dx

K a x t L Q C Q w L t





  

  


 

(4)     0
, , ,

L

b tg m u x t dx m u x t  

 

        2 2
1

1 , ,
2 S

sV
T w x t y t u x t dm    

(5) 
         2 2

0

1 , , ,
2

L

s sA w x t y t u x t dx    

 

 (3)

where g  is the gravity acceleration, sρ  is the beam 

density, sm  is the beam mass and tm  is the mass of weights 
embedded at the end of the beam. The displacement of the 
beam element in the direction of the x -axis is represented 
by ( ),u x t . Note that the mass of the springs is ignored. 
Also, s s s s sm V A xρ ρ= =  and s s sdm dA dxρ= . Now, the total 
potential energy of the beam, i.e. U , can be obtained as

(1) ( ) cos( ),ey t A t  
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where ,b s sS E I= and ,b s sm Aρ=  represent the flexural 
stiffness and mass per unit length of the beam, respectively. 
Also, 2 ,

S
s A

I b c dc= ∫ where b  denotes the beam width.
The total kinetic energy T  is calculated as the sum of the 

transverse kinetic energy of the beam 1T , the rotational kinetic 
energy of the beam 2T , and the kinetic energy of the mass 
embedded at the end of the beam 3T . Now, we get [28]	
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Fig. 1. The electromagnetic energy harvester proposed in [24]  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. The electromagnetic energy harvester proposed in [24] 
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The total kinetic energy T can be obtained as 
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According to Fig. 2, ( , )w x t is the displacement of the 
beam element in the direction y which is in the position x
and the time t . Also, ( ),x tϕ denotes the direction of the 
beam element in the position x and time t . The moment of 
inertia of the tip mass is oI  , and b s sI Iρ=  is the moment of 
inertia of the total beam mass. The Transverse displacement 
of the beam element is represented as
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Assuming that the length of the beam does not change 
during the vibrations [29], then according to Fig. 2, one can 
get
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By adding the squares of (10) and (11), we have
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Considering (12), and using Pythagorean trigonometric 
identity in (10) and (11), one can get
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From (11), ( ),x tϕ can be written as
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According to (14), ( ),x tϑ can be obtained in terms of 
( ),w x t as follows
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Although several modes are considered in the vibration of 
the beam, but due to the high excitability of the first mode in 
the beam vibrations, this mode is considered in the response 
of this system. So, in (9), 1N = is considered [27, 30]. 
Hence, ( ),w x t is represented by a function of the transverse 
displacement of the tip mass ( )q t  through a function for the 
beam deformation ( )xψ , as

Fig  2. Beam element in position x  and time t  with direction  ,x t  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Beam element in position   and time   with direc-
tion  ( ),x tϕ
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where ( ) 1
2

xx cos
L

πψ  = −  
 

represents a single shape mode 
displacement [20]. According to (16), (13)-(15) can be 
rewritten as
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Finally, the function ( )xΦ , which describes the 
cantilever beam modes [20] is defined as
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where rξ  is a non-dimensional parameter obtained as 
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and rλ  is the r the eigenvalue of the characteristic 
equation ( ) ( )1 cos cos 0 .hλ λ+ + =

In addition to calculating the kinetic and potential energy, 
it is necessary to calculate the nonconservative work dW , 
which is divided into two parts. One is the work due to the 
delivered power to the resistances of the circuit, including the 
external resistance LR  and the internal resistance of the coil

cR . The other is the work done by the damping force, which 
includes electromagnetic damping and air damping [28, 31]. 
Therefore, the nonconservative work dW  can be achieved as
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where mC  is the air damping coefficient, and eC  is the 

electromagnetic damping coefficient, which is defined later. 
In fact, the effect of the electromagnetic mechanism on the 
energy harvesting structure can be modeled as a viscous 
damping.

Remark 1. Compared with [24], the nonconservative 
work due to the viscous damping is investigated in this 
research.

From (16)-(19), the terms of kinetic energy and potential 
energy can be simplified as
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and
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 2
1 0

,
L

P x dx     2 0
,

L
P x dx     

  2
2

3 0 0
,

L x
P z dz dx     

 2
4 0

,
L

P x dx      4
5 0

,
L

P x dx      

 6
6 0

1 ,
2

L
P x dx    

 2
7 ,P L     2

8 0
,

L
P x dx    

     2 2
9 0

,
L

P x x dx     

   4 2
10 0

1 ,
4

L
P x x dx      

  4
11

1 ,
3

P L   

 6
12

1 ,
36

P L     2
13 0 0

.
L x

P z dzdx     

 (24)

where 1P  to 13P  are defined as 

 
2 2 2 2

1 2 2

2 2 4
4 5 6

1 2
2

1
2

b

b

T m Pq P q L P q q

I q P P q P q

      

    

 

(23) 
 2 2 2 2

4

2
2 2 2 2

0 2 7

1 ,12 1
2

tm q P q q

I q P P q

     
 

       

 

 

 

 
2 2 4

8 9 10

2 2 2 4
7 11 12

1
2

1
2

b

t

U S q P P q P q

K a q P P q P q

    

    

 

(24)  2 2 2
13 4

1 1 ,
2 2c Bl b tL Q C Qq g m P q m P q     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(25) 

 2
1 0

,
L

P x dx     2 0
,

L
P x dx     

  2
2

3 0 0
,

L x
P z dz dx     

 2
4 0

,
L

P x dx      4
5 0

,
L

P x dx      

 6
6 0

1 ,
2

L
P x dx    

 2
7 ,P L     2

8 0
,

L
P x dx    

     2 2
9 0

,
L

P x x dx     

   4 2
10 0

1 ,
4

L
P x x dx      

  4
11

1 ,
3

P L   

 6
12

1 ,
36

P L     2
13 0 0

.
L x

P z dzdx     

 (25)



E. Ovaysi et al., AUT J. Mech. Eng., 10(1) (2026) 29-42, DOI: 10.22060/ajme.2025.24049.6174

34

For deriving governing equations of the mechanical and 
electrical system, the Euler-Lagrange equation is used as 
follows 

(26) ,g g dL L W
t q q q

   
      

 

(27) ,g g dL L W
t Q Q Q

   
      

 

 

(28) dWT T U
t q q q q
     

        
 

 

 
2 4 3

1 2 3 4 5

5 2 2 3
6 2 7 Bl

N N q N q q N q N q

N q N qq N q q C Q

     
   

 

(29)      2
2 1cos 0t b e m em P m A t C C Pq       

 

(30) 2
1 4 1 2 ,t b b oN m I P m P I P   

 (31) 2 2 2
2 4 5 2 2 7 ,t b b oN m P I P m P I P P     

(32) 2 4
3 6 2 7

1 ,
4b oN I P I P P   

(33) 2
4 8 13 4 7 ,b b t tN S P gm P gm P K a P     

(34)  2
5 9 112 ,b tN S P K a P   

(35)  2
6 10 123 ,b tN S P K a P   

 (36) 2 4
7 6 2 7

12
2b oN I P I P P  . 

 

 

 (26)
(26) ,g g dL L W

t q q q
   

      
 

(27) ,g g dL L W
t Q Q Q

   
      

 

 

(28) dWT T U
t q q q q
     

        
 

 

 
2 4 3

1 2 3 4 5

5 2 2 3
6 2 7 Bl

N N q N q q N q N q

N q N qq N q q C Q

     
   

 

(29)      2
2 1cos 0t b e m em P m A t C C Pq       

 

(30) 2
1 4 1 2 ,t b b oN m I P m P I P   

 (31) 2 2 2
2 4 5 2 2 7 ,t b b oN m P I P m P I P P     

(32) 2 4
3 6 2 7

1 ,
4b oN I P I P P   

(33) 2
4 8 13 4 7 ,b b t tN S P gm P gm P K a P     

(34)  2
5 9 112 ,b tN S P K a P   

(35)  2
6 10 123 ,b tN S P K a P   

 (36) 2 4
7 6 2 7

12
2b oN I P I P P  . 

 

 

 (27)

where gL T U= −  is the Lagrangian. Substituting, U  and 
dW   in (26), one can get

(26) ,g g dL L W
t q q q

   
      

 

(27) ,g g dL L W
t Q Q Q

   
      

 

 

(28) dWT T U
t q q q q
     

        
 

 

 
2 4 3

1 2 3 4 5

5 2 2 3
6 2 7 Bl

N N q N q q N q N q

N q N qq N q q C Q

     
   

 

(29)      2
2 1cos 0t b e m em P m A t C C Pq       

 

(30) 2
1 4 1 2 ,t b b oN m I P m P I P   

 (31) 2 2 2
2 4 5 2 2 7 ,t b b oN m P I P m P I P P     

(32) 2 4
3 6 2 7

1 ,
4b oN I P I P P   

(33) 2
4 8 13 4 7 ,b b t tN S P gm P gm P K a P     

(34)  2
5 9 112 ,b tN S P K a P   

(35)  2
6 10 123 ,b tN S P K a P   

 (36) 2 4
7 6 2 7

12
2b oN I P I P P  . 

 

 

 (28)

Substituting (22)-(24) in (28), the displacement of the end 
of the beam is obtained as

(26) ,g g dL L W
t q q q

   
      

 

(27) ,g g dL L W
t Q Q Q

   
      

 

 

(28) dWT T U
t q q q q
     

        
 

 

 
2 4 3

1 2 3 4 5

5 2 2 3
6 2 7 Bl

N N q N q q N q N q

N q N qq N q q C Q

     
   

 

(29)      2
2 1cos 0t b e m em P m A t C C Pq       

 

(30) 2
1 4 1 2 ,t b b oN m I P m P I P   

 (31) 2 2 2
2 4 5 2 2 7 ,t b b oN m P I P m P I P P     

(32) 2 4
3 6 2 7

1 ,
4b oN I P I P P   

(33) 2
4 8 13 4 7 ,b b t tN S P gm P gm P K a P     

(34)  2
5 9 112 ,b tN S P K a P   

(35)  2
6 10 123 ,b tN S P K a P   

 (36) 2 4
7 6 2 7

12
2b oN I P I P P  . 

 

 

 (29)

where 1N  to 7N  are determined as 

(26) ,g g dL L W
t q q q

   
      

 

(27) ,g g dL L W
t Q Q Q

   
      

 

 

(28) dWT T U
t q q q q
     

        
 

 

 
2 4 3

1 2 3 4 5

5 2 2 3
6 2 7 Bl

N N q N q q N q N q

N q N qq N q q C Q

     
   

 

(29)      2
2 1cos 0t b e m em P m A t C C Pq       

 

(30) 2
1 4 1 2 ,t b b oN m I P m P I P   

 (31) 2 2 2
2 4 5 2 2 7 ,t b b oN m P I P m P I P P     

(32) 2 4
3 6 2 7

1 ,
4b oN I P I P P   

(33) 2
4 8 13 4 7 ,b b t tN S P gm P gm P K a P     

(34)  2
5 9 112 ,b tN S P K a P   

(35)  2
6 10 123 ,b tN S P K a P   

 (36) 2 4
7 6 2 7

12
2b oN I P I P P  . 

 

 

 (30)

(26) ,g g dL L W
t q q q

   
      

 

(27) ,g g dL L W
t Q Q Q

   
      

 

 

(28) dWT T U
t q q q q
     

        
 

 

 
2 4 3

1 2 3 4 5

5 2 2 3
6 2 7 Bl

N N q N q q N q N q

N q N qq N q q C Q

     
   

 

(29)      2
2 1cos 0t b e m em P m A t C C Pq       

 

(30) 2
1 4 1 2 ,t b b oN m I P m P I P   

 (31) 2 2 2
2 4 5 2 2 7 ,t b b oN m P I P m P I P P     

(32) 2 4
3 6 2 7

1 ,
4b oN I P I P P   

(33) 2
4 8 13 4 7 ,b b t tN S P gm P gm P K a P     

(34)  2
5 9 112 ,b tN S P K a P   

(35)  2
6 10 123 ,b tN S P K a P   

 (36) 2 4
7 6 2 7

12
2b oN I P I P P  . 

 

 

 (31)

(26) ,g g dL L W
t q q q

   
      

 

(27) ,g g dL L W
t Q Q Q

   
      

 

 

(28) dWT T U
t q q q q
     

        
 

 

 
2 4 3

1 2 3 4 5

5 2 2 3
6 2 7 Bl

N N q N q q N q N q

N q N qq N q q C Q

     
   

 

(29)      2
2 1cos 0t b e m em P m A t C C Pq       

 

(30) 2
1 4 1 2 ,t b b oN m I P m P I P   

 (31) 2 2 2
2 4 5 2 2 7 ,t b b oN m P I P m P I P P     

(32) 2 4
3 6 2 7

1 ,
4b oN I P I P P   

(33) 2
4 8 13 4 7 ,b b t tN S P gm P gm P K a P     

(34)  2
5 9 112 ,b tN S P K a P   

(35)  2
6 10 123 ,b tN S P K a P   

 (36) 2 4
7 6 2 7

12
2b oN I P I P P  . 

 

 

 (32)

(26) ,g g dL L W
t q q q

   
      

 

(27) ,g g dL L W
t Q Q Q

   
      

 

 

(28) dWT T U
t q q q q
     

        
 

 

 
2 4 3

1 2 3 4 5

5 2 2 3
6 2 7 Bl

N N q N q q N q N q

N q N qq N q q C Q

     
   

 

(29)      2
2 1cos 0t b e m em P m A t C C Pq       

 

(30) 2
1 4 1 2 ,t b b oN m I P m P I P   

 (31) 2 2 2
2 4 5 2 2 7 ,t b b oN m P I P m P I P P     

(32) 2 4
3 6 2 7

1 ,
4b oN I P I P P   

(33) 2
4 8 13 4 7 ,b b t tN S P gm P gm P K a P     

(34)  2
5 9 112 ,b tN S P K a P   

(35)  2
6 10 123 ,b tN S P K a P   

 (36) 2 4
7 6 2 7

12
2b oN I P I P P  . 

 

 

 (33)

(26) ,g g dL L W
t q q q

   
      

 

(27) ,g g dL L W
t Q Q Q

   
      

 

 

(28) dWT T U
t q q q q
     

        
 

 

 
2 4 3

1 2 3 4 5

5 2 2 3
6 2 7 Bl

N N q N q q N q N q

N q N qq N q q C Q

     
   

 

(29)      2
2 1cos 0t b e m em P m A t C C Pq       

 

(30) 2
1 4 1 2 ,t b b oN m I P m P I P   

 (31) 2 2 2
2 4 5 2 2 7 ,t b b oN m P I P m P I P P     

(32) 2 4
3 6 2 7

1 ,
4b oN I P I P P   

(33) 2
4 8 13 4 7 ,b b t tN S P gm P gm P K a P     

(34)  2
5 9 112 ,b tN S P K a P   

(35)  2
6 10 123 ,b tN S P K a P   

 (36) 2 4
7 6 2 7

12
2b oN I P I P P  . 

 

 

 (34)

(26) ,g g dL L W
t q q q

   
      

 

(27) ,g g dL L W
t Q Q Q

   
      

 

 

(28) dWT T U
t q q q q
     

        
 

 

 
2 4 3

1 2 3 4 5

5 2 2 3
6 2 7 Bl

N N q N q q N q N q

N q N qq N q q C Q

     
   

 

(29)      2
2 1cos 0t b e m em P m A t C C Pq       

 

(30) 2
1 4 1 2 ,t b b oN m I P m P I P   

 (31) 2 2 2
2 4 5 2 2 7 ,t b b oN m P I P m P I P P     

(32) 2 4
3 6 2 7

1 ,
4b oN I P I P P   

(33) 2
4 8 13 4 7 ,b b t tN S P gm P gm P K a P     

(34)  2
5 9 112 ,b tN S P K a P   

(35)  2
6 10 123 ,b tN S P K a P   

 (36) 2 4
7 6 2 7

12
2b oN I P I P P  . 

 

 

 (35)

(26) ,g g dL L W
t q q q

   
      

 

(27) ,g g dL L W
t Q Q Q

   
      

 

 

(28) dWT T U
t q q q q
     

        
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Note that ( ) 1Lψ = , because the first mode of the beam 
is considered. Again, substituting U and dW   in (27), one 
can get
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In this way, the electrical equation describing the current 
passing through the coil, i.e. LI is obtained according to (37). 
It should be noted that LQ I=  .

To obtain dimensionless equations, the change of 
coordinates as (38) are used [32, 33].
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The displacement of the end of the beam can become 
dimensionless through 
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Now, substituting (38) and (39) in (29), the dimensionless 
equation for the displacement of the end of the beam is 
obtained as 
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 (40)

where
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Now, similar to (40), the electrical equation (37) can also 
become dimensionless as follows
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= . In this paper, it is assumed that the 

geometric dimensions of the beam such as its length are 
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(40) have been omitted due to their small size.

2- 2- Electromagnetic effect modeling
According to Faraday’s Law of Induction, the change 

in the flux induces an electric current in the coil, which, 
according to the Lenz’s law, the direction of this induced 
current is opposite to the direction of the inductive force 
or opposite to the direction of motion of the beam. In this 
way, by harvesting electrical energy from the system, 
the oscillation of the system is reduced. That is, when the 
electric current passes through the coil and the resistive load, 
an electromagnetic damping is created. The effect of this 
damping was also applied in the equation of motion (40) and 
the electrical equation (42). When the current passes through 
any conductor with resistance, such as a coil, an induced 

voltage is also created. The voltage induced in the coil can be 
achieved by Faraday’s Law of Induction as
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where vε  is the voltage induced, and BΦ  is the magnetic 
flux. By simplifying (46), we have
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where N is the number of turns in the coil, B is the 
magnetic field, coill is the length of a winding, and dx

dτ
 is 

the speed of the moving magnets relative to the coil. From 
this generator, the power outP  can be extracted when the coil 
is connected to a resistive load such as LR  resistance, and 
then the current flows in the coil. The interaction between 
the magnetic field created by this current and the magnetic 
field of the magnets creates an electromagnetic force that 
opposes the movement (the movement of the free end of 
the beam inside the coil). The electromagnetic force emF  is 
proportional to the current and subsequently to the speed of 
movement. Therefore, it can be written as the product of the 
coefficient 

eC  and the speed dx
dτ

 as follows [34]
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On the other hand, the electromagnetic force emF  can also 
be written as follows [35]
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Fig 3. The equivalent circuit of the harvesting energy mechanism with a resistive load 
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where I  is the induced current flowing in the coil. 
According to Fig. 3 and Kirchhoff’s voltage 

law (KVL), one can get
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Substituting (50) in (49) yields
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Considering (51) and (48), one can get
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where eC  is the electromagnetic damping coefficient. 
According to Fig. 3, the voltage across the resistance LR  and 
the output power outP  are respectively equal to
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It should be noted that, the root mean square (RMS) of the 
output power is defined as
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where peakV  is the maximum voltage achieved by (53).

2- 3- Methodology
Numerical results, including the displacement of the free 

end of the beam, the induced current passing through the coil, 
the induced voltage, and the voltage across the resistive load, 
are obtained by solving Eqs (40), (42), (47), and (53). On 
the other hand, the numerical solution for these equations is 
provided using the ode-45 method by MATLAB software. 
Note that the initial conditions for the simulation are selected 

as [ ]dx
d dτ τ

 
  

dIx(0), (0), I(0), (0) = 0, 1, 0, 0  .

 The solving time is assumed to be 5s to achieve solution.

3- Main Results
3- 1- Simulation and Experimental Setup

To validate the obtained equations, a cantilever beam 
with a concentrated tip mass along with the electromagnetic 
energy harvester, was simulated by MATLAB platform. A 
prototype of this mechanism was fabricated. Both theoretical 
and experimental results are presented in this section. The 
parameters to design the cantilever beam and electromagnetic 
harvester are selected according to Table 1, which are almost 
similar to [24]. The simulation is repeated for different values 
of the magnetic spring location. The excitation frequency 
of the beam base is also selected within the range of the 
natural frequency of the beam. Next, experimental results are 
presented, and then a comparison between the theoretical and 
experimental results will be made. 

In order to extract the desired voltage, the distance 
between the magnetic springs and the beam base is adjustable 
when the system is at rest. With the purpose of harvesting 
energy, two coils made of twisted copper wire are installed on 
the body of the structure.

3- 2- Test Procedure
The manufactured prototype is presented in Fig. 4. This 

structure, including the frame and cantilever beam, is made 
of Plexiglass material. The beam is fixed at the harmonic 
base. The tip masses, which are installed at the free end of the 
beam, are Neodymium magnets. 

In order to test and stimulate the beam base, a shaking 
table is needed. A shaking table based on the Scotch yoke 
mechanism is proposed and built by the authors. The 
components of this shaking table, according to Fig. 4, are:

The lower fixed board that is screwed to the work table by 
graduated grooves.

The support bases, at the end of which the bearings are 
installed, are connected to the lower fixed board.

The shaking board is placed on the bearings and can move 
to the left and right.

The Scotch yoke mechanism is connected to the shaking 
board.

A shaft passes through the support base and connects the 
mechanism to the shaft of the electric motor (see Fig. 4).

The speed of the electric motor and the rotation rate of 
the output shaft are kept constant by the dimmer, and the 
electric motor shaft is also connected to the shaking table 
by a connector (coupling). According to the scotch yoke 
mechanism used in the shaking table, after transferring 
the rotary motion of the electromotor shaft to the shaking 
table, the shaking board starts moving to the left and right 
and vibrates whatever is connected to it transversely. After 
stimulating the beam base by the shaking table, the beam 
starts to oscillate, and a relative movement occurs between 
the magnetic tip of the beam and the coils. So, a voltage is 
induced inside the coil. With the help of an oscilloscope, the 
induced voltage and the current passing through the resistive 
load can be observed and measured.
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3- 3- Results and Discussions
In the sequel, the electromagnetic energy harvester is 

validated through the experimental results. The experiment 
procedure is as follows: first, a resistive load is connected to 
the coil and the magnetic Ω

springs are placed at a certain height from the beam base. 
Then, the base of the beam is excited with a frequency 6 
Hz, and the beam oscillates, and subsequently, the induced 
voltage and induced current can be measured. Next, with 
the help of Eq. (55), the output power is calculated. This 
experiment is repeated for different locations of the magnetic 
springs and also for three different resistive loads, such as 3Ω
, 10Ω  and 30Ω . The results are given in the Fig. 5. By trial 
and error, it is determined that for a resistive load 3Ω , the 
maximum output power is obtained if the springs are placed 
at the height of 14 cm. Similarly, for resistances10Ω  and30Ω
, the maximum output power is obtained when the springs are 
fixed at heights of 29 cm and 25 cm, respectively. Also, the 
output power in the range of 1 mW to 2 mW is suitable for 
low-power applications such as wireless systems and sensors.

Fig. 6 shows the output power for different excitation 
frequencies of the beam base, where the resistive load is 
selected as 30Ω . In Fig. 6, the experiment is repeated for 

two locations of the magnetic springs as 20 cm and 25 cm, 
and the results are presented. As the excitation frequency 
increases, the speed of the free end of the beam increases. 
According to Eq. (47), increasing the speed of the end of 
the beam leads to an increase in the induced voltage in the 
coil, which in turn leads to an increase in the output power, 
according to Eqs. (53) and (54). But this increase in output 
power is not very significant. Because according to Eq (48), 
increasing the speed of movement can lead to an increase in 
electromagnetic force that opposes the movement. Therefore, 
due to the presence of electromagnetic damping, the voltage 
across the resistive load and subsequently the output power 
will not increase much. From Figs. 5 and 6, it is clear that the 
theoretical and experimental results confirm each other.

It should be noted that in accordance with the dimensions 
of the vibrating structure, the excitation frequency of the 
beam base cannot be increased too much because it will 
lead to damage to the structure. Also, since the tests were 
conducted on a laboratory scale, the range of output power 
changes is not very wide.

As shown in Figs. 5 and 6, the effect of 1) the excitation 
frequency of the beam base, 2) the location of the magnetic 
springs and 3) the resistive load on the output power, which 

Table 1. Design Parameters for the energy harvester mechanismTable 1. Design Parameters for the energy harvester mechanism 
   

 

 

 

 

 

 

 

 

 

 

 

 

Value Parameter Value Parameter 

34 cm Length of the beam , L  250 GPa Young’s modulus of the beam, sE  

2 cm Width of the beam, b 4 33 10 Kg/m  Beam density, s  

1.33 N/A 
Electromagnetic coupling coefficient, 

BlC  
14 45 10 m  Second moment of the beam area, sI  

0.5 N.s/m Air damping coefficient, mC  3 23 10 Kg. m  Moment of inertia of the tip mass, oI  

26 m Length of the coil, coill  20 g Beam mass, sm  

2200 mm  Cross-sectional area of the coil, A  212 mm  Cross-sectional area of the beam, sA  

600 rpm NNumber of coil turns,  30 g Tip mass, tm  

46 10 T  Magnetic flux density, B  2.5 mm Beam thickness, sh  

16.8  Internal resistance of the coil, cR  29.8 m/s  Gravitational acceleration, g 

36.8 10 H  Coil inductance, cL  15 N/ m  Total stiffness, tK  
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Fig. 4. The constructed experimental prototype 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. The constructed experimental prototype
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 (iii) 
Fig. 5. The comparison between the theoretical and experimental results for different a . 

(i)  Case 3LR   , (ii) Case 10LR   , (iii) Case 30LR   . 

 

Fig. 5. The comparison between the theoretical and experimental results for different a .
(i)  Case 3LR = Ω , (ii) Case 10LR = Ω , (iii) Case 30LR = Ω . (Continued)
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Fig. 6. The comparison between the theoretical and experimental results for different f .
(i)  Case 20a cm= , (ii) Case 25a cm= . (Continued)
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is harvested from the vibrational mechanism are well 
investigated.

4- Conclusion
This paper investigates an electromagnetic energy 

harvester consisting of a cantilever beam with a harmonic 
base, two magnetic springs with changeable location, and 
some magnets and coils that form the electromagnetic 
mechanism. In order to harvest energy, a consumer, such as 
a resistive load, is connected to the system. When current 
passes through this consumer, a viscous damping occurs 
in the system, the effect of which is taken into account in 
the governing equations of the system. These equations are 
obtained using Lagrange’s equations. In addition to analyzing 
the system by MATLAB, a prototype of the system was built 
and validated experimentally. The results show that when the 
resistive load is larger, the current flowing through the coil 
and the magnetic damping coefficient decrease, which leads 
to a decrease in system losses and an increase in the harvested 
energy. By repeating the experiments for different distances 
of the magnetic springs, it is concluded that for each resistive 
load, if the location of the springs is properly adjusted, the 
maximum energy can be extracted. Finally, the results show 
that the output power is suitable for low-power applications 
such as wireless systems and sensors. On the other hand, in 
order to increase the harvested energy, it is suggested that a 
combination of piezoelectric and electromagnetic transducers 
be used to harvest energy in future works.
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