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ABSTRACT: Grasping or positioning workpiece with circular geometry is a common process in
fixture design and robotic manipulation systems. The typical two-contact mechanisms that are usually
used for gripping or positioning of these kinds of workpieces are prone to jam. Determination of the
conditions in which jamming occurs in such systems seems to be necessary for research purposes as
well as industrial applications. In the present study, jamming of the workpiece with the circular crosssection is investigated during its positioning on the horizontal surface. The theoretical foundation is
established based on two models as far as the force equilibrium equations and the minimum norm
principle. Validation of the theoretical predictions is conducted through the numerical analysis in the
Adams software. The distance that the workpiece should travel to jam is obtained from the numerical
analysis and compared to the theoretical predictions. By assuming the coefficient of friction equal to
0.4 and the radius of the workpiece equal to 10mm, jamming-in travel of the workpiece was obtained
as 24.38mm and 25.58mm from the theoretical models and numerical analysis, respectively. A relative
error of 4.9% is obtained between the theoretical predictions and numerical results. This value indicates
the accuracy of predictions of the suggested theoretical models and the credibility of their results.

1. INTRODUCTION
Jamming is defined as the sudden and unwanted
immobilization of the workpiece during its loading into the
fixture or grasping in the manipulation tasks. Jamming is
not exclusively occurred in the fixturing systems. It may also
occur during object grasping or positioning in the robotic
manipulation systems. Jamming occurrence in such systems
may cause severe damage to the workpiece, fixture elements,
and robotic elements of the grasping systems. So, development
of the robust and reliable models seems to be necessary for
the prediction of jamming occurrence in these systems.
Workpiece geometry plays an important role in the analysis
of the jamming phenomenon. Block and palm case study has
been extensively used for evaluating the capabilities of the
previously-developed theoretical models. In this case study,
workpiece geometry is of the polyhedral type which eases the
grasping or positioning tasks. Circular workpieces are also
used in industrial applications; both in fixturing applications
and robotic manipulation systems. Such applications can
be named as locating and positioning the workpiece with
circular cross-sections using the V-type locators, positioning
the cells in the robotic surgery systems, pick and place of the
lenses using pence in eye surgery, etc. Despite these extensive
applications, a gap is observable in the determination of the
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conditions in which jamming occurs in the manipulating or
positioning of the workpieces with circular cross-sections.
Fulfilling this research gap in the present study, jamming of
the circular workpiece is investigated during its positioning on
the horizontal surface by using a palm that is rotated around
a fixed point. Theoretical and numerical approaches are
used for this purpose. The proposed theoretical model may
be used as a powerful tool for analyzing the stability of the
workpiece with circular cross-section on the V-type locators.
It should be mentioned that the optimum angle of the V-type
locator which provides the best stability for the workpiece
with circular cross-section depends on the materials of the
workpiece and locators, coefficient of friction and intensity,
and direction of the external wrenches. By considering these
parameters, this angle can be calculated by using the suggested
theoretical model. Also, the proposed configuration can be
employed as a case study by further researchers to validate the
predictions of their theoretical models.
2. LITERATURE SURVEY
Several types of research have been published for theoretical
modeling of the jamming phenomenon in fixture design and
robotic manipulation systems. Force analysis in quasi-static
conditions, multi-body contact dynamics, and minimum
norm principle have been used as the main tools for modeling
the jamming phenomenon. In the first and second categories,
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contact mode (sliding or rolling) between the workpiece and
fixturing (or positioning) elements are first determined by
dynamic models, and based on that, jamming occurrence is
predicted for the workpiece. In the third category, reaction
forces at the contact points are first determined and jamming
is predicted by the determination of the contact modes. Pang
et al. [1] modeled the jamming problem as an uncoupled
complementarity problem. By assuming that all contacts were
initially in rolling mode, velocity and acceleration parameters
were measured at the contact points. The problem was solved
by the assumption of the non-linear Coulomb’s friction model
at the contact points. It was also shown that there always
exists a solution for the multi-rigid-body problem with
contacts in the initial rolling modes. Dupont and Yamajako
[2] classified the analysis of the frictional multi-rigid-body
contact problem into two categories, namely jamming and
wedging phenomena. Wedging was defined as the special case
of jamming at the static condition in which the reaction forces
were linearly dependent at the contact points. Jamming was
modeled by the development of a multi-body dynamics model
and its occurrence was predicted based on the calculation
of the contact velocity and acceleration values. In basic
and comprehensive studies, Trinkle et al. [3, 4] studied the
requirements of non-jamming conditions for the workpiece
in the fixturing application. The analysis was performed in
the quasi-static condition. Contacts were assumed to be in the
initially sliding modes. It was predicted that jamming would
occur for the workpiece by changing the contact condition at
any of the contacts from sliding to the rolling modes. Two
case studies were used for the evaluation of the capabilities of
the proposed model in the prediction of jamming occurrence
including peg-in-hole and block and palm problems. In the
block and palm case study with the mentioned assumptions,
it was concluded that the block started to jam at the distance
of 0.75m. This result was used as the reference value in further
papers for evaluating the proposed theoretical models.
The proposed model investigated the jamming occurrence
conditions in a quasi-static condition and it didn’t take into
account the effects of the inertia, kinematic and dynamic
parameters of the block’s motion. Balkcom and Trinkle
[5] proposed a mathematical model for the determination
of the external wrenches which were consistent with the
predefined contact modes. The suggested model capabilities
were evaluated through case studies in the fixture design
application. Liu and Wang [6] used a time-stepping method
for the calculation of the relative velocity and friction forces
at the contact points between the rigid bodies. The rigidbody frictional contact problem was modeled based on
the numerical approach and solved using the Gauss-Seidel
iterative method. Results were compared to those of the
uncoupled complementarity problem. In an attempt to predict
jamming occurrence in the fixture design application, Liu et
al. [7] suggested a mathematical model based on the rigid
body contact problem under the application of the external
wrenches. It was assumed that jamming would not occur if all
of the contacts were in the sliding modes. The suggested model
was evaluated through peg-in-hole and block and palm case
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studies. It was concluded that the external wrenches which
kept all of the contact points in the sliding mode, maintain the
whole system in the non-jamming condition. In the block and
palm case study which was solved with the same assumptions
used in the study of Trinkle et al. [4], it was concluded that
the block started to jam at a distance equal to 0.25m. The
proposed model took into account the effects of the dynamic
parameters of the block’s motion. Bender et al. [8] published
a state-of-the-art paper to present and compare the software
developments and mathematical algorithms that have been
developed for interactive simulation of the rigid body contact
problem. The mathematical foundations for modeling the
rigid body contact problems were also reviewed such as
complementarity problems, Newton-Euler equations, energybased models as well as numerical methods. Simulation of
the rigid body contact problem was conducted by Flickinger
et al. [9] in an interactive environment. Several numerical
methods were employed and their results were compared
to each other. By comparing the polyhedral exact geometry
method to the Stewart-Trinkle model, it was concluded that
the former model required a smaller time step size to reach
the accuracy of the latter one. In the study of Lu et al. [10],
a benchmarking framework was developed to evaluate the
efficiency of the solution methods that have been used for
solving the multibody dynamics problems. In the proposed
framework, complementarity problems were constructed for
each simulation problem based on the initially provided data.
Several solver options were provided in the benchmarking
platform such as fixed-point iteration methods, non-smooth
Newton method, Lemke’s algorithm, etc. After benchmarking
the solution methods, the most appropriate solution method
was suggested for a 2D manipulation task. Parvaz and Nategh
[11] proposed a mathematical model based on the minimum
norm principle for the prediction of jamming occurrence
for freeform workpieces at the fixture design application. By
solving the optimization problem, the jamming occurrence
was predicted between the workpiece and fixturing elements
by application of the loading/unloading wrenches. Validation
of the theoretical predictions was conducted by using three
case studies: peg-in-hole, block and palm and a 3D workpiece
with freeform surfaces. Recently, a theoretical model based
on the minimum norm principle has been incorporated
for prediction of workpiece jamming in the fixture design
application. In the study of Parvaz and Nategh [12], minimum
norm principle was used for avoiding jamming occurrence
in the designing the locating system for parts with freeform
surfaces. It was also employed in the study of Nategh and
Parvaz [13] for checking the workpiece stability in the fixture
by application of the clamping and weight-induced wrenches.
Recently, several types of research have been published
on the investigation of jamming occurrence in dual peg-inhole assembly systems. For this purpose, different methods of
optimization and vision-guided or haptic systems have been
incorporated by several researchers. In references [14, 15], a
fuzzy-based model was proposed for the determination and
control of contact forces and contact modes at both rigid and
flexible dual peg-in-hole assembly systems. Experimental tests
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were also conducted to verify the effectiveness of the proposed
systems (n-t) are located at the contact point between the
force control and jamming prediction strategies. Huang et
workpiece and the horizontal surface (point A in Fig. 1) and
al. [16] suggested a grasping and positioning strategy for a
workpiece and palm (point B in Fig. 1). A circular workpiece
specific two-hand robot to perform an automated intelligent
with radius r and center of mass (C.G.) is pushed forward by
peg-in-hole assembly process. By installing a vision system at
the force F to travel along the horizontal surface until it is
the robot’s end-effector and compensating the assembly error
immobilized due to the jamming.
using the vision data, the proposed strategy was evaluated
It is assumed that two frictional contacts (with the
using the peg-in-hole assembly system with a clearance equal
coefficient of friction denoted by µ ) are established between
to 1mm. Hou et al. [17] proposed an impedance control
the circular workpiece, base surface, and palm at points A
strategy for modeling the robotic dual peg-in-hole assembly
and B, respectively. By application of the angular velocity to
process as an optimization problem. The model was solved
the palm at the revolute joint, the force F pushes the circular
by an evolutionary algorithm combined with the support
workpiece to move along X-axis. Jamming occurs at a specific
regression vector method for evaluation of the fitness values
distance denoted by x jam and its corresponding palm angle
of the control parameters. Simulation and experiment were
denoted by θ jam . In the rest of the paper, these two parameters
conducted for validation of results of the proposed strategy.
are going to be named as the jamming-in travel and jammingAccording to the literature survey, the peg-in-hole
in angle of the workpiece, respectively. By considering the
problem, as well as the block and palm case study, have
mentioned assumptions, mathematical models are going to
been employed by different researchers for evaluating their
be studied in the next two sections.
mathematical models on jamming prediction in different
applications. Workpieces with circular cross-section are
3.1. Mathematical model: force analysis
widely used in micro and macro-scale systems as far as
Force analysis is initiated by adaptation of the equilibrium
positioning the shafts with V-type locators, pick and place
equations to the configuration of the problem that is
micro-scale cells in the surgical operations, positioning the
represented in Fig. 1. Jamming occurs for the workpiece by
parts with a circular cross-section in the production lines
changing the contact condition from sliding to the rolling
using two-contact mechanisms, pick and position of the eye
mode at the contact point between the workpiece and the base
lenses in the eye surgery operations and so on. Despite the
surface (point A in Fig. 1). Since the palm applies continuous
mentioned applications of the circular workpieces, no specific
force to the workpiece and makes the workpiece move along
research has been published for investigating the jamming
the X-direction, the sliding condition should be established at
of the circular workpiece during its positioning or grasping
the contact point between the palm and the workpiece (point
in the fixture design or manipulation tasks. So, the main
B in Fig. 1). So, external force F is actually applied at the edge
contribution of the present paper is to suggest a novel study
of the friction cone with angle α = tan −1 ( µ ) . Mass of the block
to investigate the jamming phenomenon in the positioning of
is denoted by m. The gravitational force mg is applied to the
a circular workpiece on the horizontal surface. In this study,
workpiece at its center of geometry. By adaptation of the
theoretical and numerical analyses are proposed for modeling
equilibrium equations for this configuration, reaction forces
and prediction of jamming occurrence in such configuration
at the contact point A can be obtained as Eq. (1) in the global
and their results are compared to each other. The proposed
coordinate system X - Y:
theoretical model can be used to calculate the most stable
conditions for the V-type locators based on the specific =
Rt Fn sin(θ ) − Ft cos(θ )
coefficient of friction between the circular workpiece and
(1)
R n =Ft sin(θ ) − Fn cos(θ ) + mg 
locator and the direction and intensity of the external forces.
The suggested model can be incorporated as a case study in
further research to evaluate the suggested theoretical models
in the prediction of the jamming phenomenon.
3. THEORETICAL FOUNDATION
Theoretical analysis is established based on two methods:
force analysis and the minimum norm principle. Force
analysis is performed based on the static equilibrium
equations. The minimum norm principle is also employed to
model the jamming occurrence by solving the corresponding
optimization problem. Fig. 1 represents the configuration of
the model. It consists of a circular workpiece that is going to
be positioned on the horizontal surface. A hand (or palm)
having rotational motion pushes the workpiece to move along
the X-direction. The palm and the horizontal bar are joined
together at the revolute joint. A global coordinate system (X
- Y) is defined at the revolute joint. Also, two local coordinate

Fig.
of the
the jamming
jammingmodel
model
Fig.1.1.Configuration
Configuration of
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where, Rt and R n stand for the normal and tangential
components of the reaction force at point A. Similarly, Fn and
Ft are the normal and tangential components of the external
force F at point B. These components can be obtained as
F cos(α ) and F sin(α ) , respectively. Jamming will occur for
the circular workpiece if inequality Rt < µR n is satisfied at
the specific value of the palm’s angle of rotation θ jam . The
jamming-in travel ( x jam ) can then be obtained as follows:
=
x jam

r (1 + cos(θ jam ))
tan(θ jam )

+ r sin(θ jam ) 

(2)

By application of the external force F to the workpiece at
point A and assuming that the coefficient of friction is equal
to µ at all of the contact points, the workpiece (with unit
mass) starts to travel along X-direction until jamming occurs
at the angle θ jam . Effects of the influence parameters on the
jamming-in travel of the workpiece are also studied.

where, φ is the norm of the reaction force vector RF
which has two components RFn , RFt in the normal and
tangential directions. The design variable of the optimization
problem is the magnitude of the resultant reaction force
vector. Hence, the parameter that should be minimized can
be described as Eq. (4).
φ=

RFn2 + RFt 2 ⇒ φ 2 = RFn2 + RFt 2



(4)

Reaction force components should be obtained in the local
n − t coordinate system. The local coordinate system is defined
at the contact point between the circular workpiece and the
horizontal surface (Fig. 1). Since the optimization problem is
conFigured to calculate the reaction forces at the global X −Y
coordinate system (which is defined on the center point of the
support in Fig. 1), reaction forces should be transformed from
the local coordinate system to the global one. By using the
transformation matrix T , this transformation is performed.
The transformation matrix T can be calculated as follows:

3.2. Mathematical model: minimum norm principle
Analytical modeling of the fixture is established based
tx 
 nx
on applying the static equilibrium equations between the
 n
t y 
y

internal and external forces. Theoretical calculation of the
(5)
tz  
t   nz
 n
reaction forces at the contact points is impossible in fixturing =
=
T [T=
Tt ] 


n

r×n r×t   (r×n ) x (r×t ) x 
the 3D workpiece inside the typical 3-2-1 locating system.
(r×n ) y (r×t ) y 
In such a fixturing system, 18 unknown reaction forces


should be calculated while only six equilibrium equations are
 (r×n )z (r×t )z 
available for the fixture designer. The finite element method
may be chosen as the first solution to this problem; however,
where, Tn and T1 are components of the transformation
incorporation of this tool has several shortcomings such as
matrix in the normal and tangential directions, respectively.
the lack of knowledge about the contact behavior between
Similarly, n and t stand for the normal and tangential unit
the workpiece and locators especially at the early stages of
vectors at the contact point A in Fig. 1. r is the position
the fixture design process, the dependency of the results to
vector of the contact point A in the global coordinate
the contact conditions, and extensive volume of calculation
system. Subscripts x , y , and z are components of their
required for obtaining the results. The minimum norm
corresponding vectors in the global X,Y, and Z directions,
principle acts as an efficient tool in the rapid calculation
respectively. We is the resultant external wrench vector which
of the reaction forces at the contact points. It states that,
consists of the workpiece weight and loading or positioning
in the statically indeterministic conditions, between all of
forces. A wrench can be defined as a vector that contains six
the alternative answers to the static equilibrium equations,
elements, three for the force vector and the rest three for the
one with the minimum magnitude is the desired solution.
moment components. We can be described as follows:
Mathematical implementation of this principle can be
described as a quadratic optimization problem, as follows:
W=
Wc +W g
e

(6)
We= [Fc , rc × Fc ] + [Fg , rg × Fg ]
Objective function:
φ = norm(RF )
RF = (RFn , RFt )

Constraints:

In which, Wc and W g are wrenches corresponding to the
clamping and the weight-induced forces and moments. Fc
is the clamping force vector and rc is the position vector of
the clamping point. Similarly, Fg is the weight-induces force
vector and rg is the position vector of the point corresponding
to the workpiece’s center of geometry.
The first constraint of Eq. (3) is equivalent to the static
equilibrium equation in the global coordinate system. The
second one states that the contact should be kept between the
workpiece and the horizontal surface during its positioning or
loading process. The third constraint stands for the Coulomb’s

(3)

T φ +We =
0
(RFn ) > 0
RFt < µ( RFn )
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friction law in the 2D workspace. Jamming would occur for the
workpiece if a feasible solution is found for this optimization
problem. In such a condition, all of the constraints are
satisfied and no sliding is observed at the contact point
between the circular workpiece and the horizontal surface. By
the occurrence of jamming in the mentioned configuration,
the jamming-in angle θ jam and its corresponding jamming-in
travel of the workpiece x jam are determined and compared to
the predictions of the first theory and the numerical results.
The optimization problem is solved using the fmincon
function and its utilities in MATLAB software. This solver
provides several algorithms for solving the optimization
problem namely interior-point, active-set, sqp and
trust-region-reflective models. Based on the MATLAB
recommendation on the selection of the appropriate algorithm,
the proposed optimization problem is solved using the first
three mentioned algorithms. The same results are obtained for
the problem by the incorporation of these algorithms. Since
the dimensions of the optimization problem are low (equal to
2 in the mentioned optimization problem), a feasible solution
for the optimization problem is usually found out with just a
few iterations. Hence, the problem is converged to a feasible
solution with a high convergence rate. A typical graph of the
convergence rate will be presented in section 5.
4. NUMERICAL ANALYSIS
Numerical analysis of the workpiece jamming is conducted
using Adams® (ver. 2016) software. The model of the case
study is represented in Fig. 2. For the numerical analysis,
a circular workpiece with unit mass was designed with a
radius equal to 10mm. The base surface and the palm were
modeled by using two bars with rectangular cross-sections.
The base surface was modeled using a box with dimensions
150mm ×1mm × 5mm . It was defined as the ground part of
the model. Palm was modeled using a rounded rectangle
with the same dimensions. A revolute joint was located at
the junction point between the palm and the base surface to
accommodate the rotational motion of the palm with respect
to the ground. A translational joint was located between the
circular workpiece and the base surface by taking into account
the static and dynamic coefficients of friction values. Stiction
transition velocity was set to 0.1mm/s. By application of the
angular velocity to the palm with the appropriate intensity,
the velocity of the workpiece was increased enough to go
beyond this value, immediately. So, it was ensured that the
contact between the workpiece and the base surface was
established with the dynamic coefficient of friction. It should
be mentioned that the effects of the coefficient of friction were
also studied on the jamming-in travel of the workpiece. As an
initial study, it was assumed that the circular workpiece had
only sliding movement along the X-direction and the rolling
motion of the workpiece was assumed to be negligible.
Solid to solid contact was defined between the palm
and the circular workpiece with the same values of static
and dynamic coefficients of friction. Contact parameters
were set according to the configuration of the problem and
suggestions that were proposed in references [18, 19]. Contact

®®software
Fig.
case study
studyininAdams
Adams
software
Fig.2.2.Model
Modelof
ofthe
the circle-palm
circle-palm case

stiffness, force exponent, damping ratio, and penetration
depth were assumed to be equal to 1×108 , 2.2, 1×105 and
1×10−2 , respectively. Stiction transition velocity and friction
transition velocity were also set to 0.1mm / s and 0.2mm / s
, respectively. It should be mentioned that the coefficient of
friction increases from zero to µ s by increasing the contact
velocity from zero to the stiction transition velocity (V s ) . By a
further increase in the contact velocity from V s to Vd (friction
transition velocity), the coefficient of friction decreases from
µs to µd . So, the constraint V s <Vd should be satisfied between
the stiction and friction transition velocities. Usually, V s and
V d takes small values to ensure that the contact is established
with the dynamic coefficient of friction ( µd = 0.4 in the present
study). For this purpose, the angular velocity of the palm
was assumed to be equal to 30deg / s . Gravity acceleration
was defined as equal to 9806mm / s 2 in the –Y direction. By
application of the mentioned assumptions and parameters to
the configuration of Fig. 2, the model was solved using the
dynamic simulation solver. Jamming-in travel of workpiece
( x jam ) was obtained by considering different values of the
input parameters.
5. RESULTS AND DISCUSSION
In this section, predictions of the proposed mathematical
models are compared to the numerical results. Assumptions
mentioned in section 3 were used in the mathematical models.
Fig. 3 represents the results of the first mathematical model. It
represents the theoretical predictions for jamming-in travel of
the workpiece and its corresponding angle of rotation regards
to the coefficient of friction. The whole space is divided into
the jamming and non-jamming regions. If the coefficient of
friction and angle of rotation coincide in the non-jamming
region, it can be concluded that jamming would not occur
for the workpiece on the base surface. The boundary edge
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( x jam ) of the workpiece and its corresponding jamming-in angle (θ jam ) regards to the
Fig. 3. Contour
of theplot
jamming-in
traveltravel
Fig.plot
3. Contour
of the jamming-in
( x ) of the workpiece and its corresponding jamming-in angle (θ ) regards to
jam

jam

(m 1kg,
=
µ 0.4,
=
r 10mm, and F = 200N )
coefficient of friction (obtained from the first theoretical model with assumptions=
the coefficient of friction (obtained from the first theoretical model with assumptions=
(m 1kg,
=
µ 0.4,
=
r 10mm, and
)

F = 200N
separates two regions with a curve that represents the jamming
By running the optimization problem, the normal
initiation point for each value of the coefficient of friction.
and tangential components of the reaction force at the
The following procedure should be used to take advantage
contact point were obtained as RFn = 194.2N and RFt = −77.5N
of the contour plot. First, the coefficient of friction should be
, respectively. It can be observed that the second and third
determined between the workpiece, palm, and base surface. A
constraints of Eq. (3) were satisfied with these values of the
line (for example line No. 1 in Fig. 3) should then be drawn
force components. By paying attention to the last rows of
from the corresponding coefficient of friction in the first
the transformation matrix and the external wrench vector
horizontal direction to intersect the projected boundary edge.
in Eq. (7), another value can be obtained for the normal
By drawing line No. 2 in the second horizontal direction, the
component of the reaction force as RFn = 17.41N . This value
angle of rotation corresponding to the specified coefficient of
of RFn was not acceptable because the third constraint was
friction can be determined. This angle is the jamming-in angle
not satisfied with this value. Hence, jamming first occurred
of the workpiece (θ jam ) . Finally, the third line (line No. 3) should
at the jamming-in angle θ jam = 44.6 and was maintained for the
be drawn in the vertical direction from the intersection point
lower values of the palm’s angle of rotation. By using Eq. (2),
of these lines to the boundary edge to obtain the jammingits equivalent jamming-in travel was obtained as x jam = 24.38mm
in travel of the workpiece ( x jam ) . For example, line No. 1
which was equal to the first theoretical model. By increasing
(corresponding to µ = 0.4 ) has an intersection with line No.
the palm’s angle of rotation to θ = 44.7 , the third constraint of
2 (corresponding to θ jam = 44.64 ) on the projected boundary
the optimization problem was violated. Also, the tangential
edge. By connecting this point to the boundary edge through
component of the reaction force was decreased and remained
line No. 3, jamming-in travel of workpiece can be obtained as
below the threshold value ( µ × RFn ) by decreasing the palm’s
.
angle of rotation. Table 1 indicates the comparison between
x jam = 24.38mm
the predictions of the first and second theoretical models.
The second theoretical model was established based based
The maximum error equal to 0.6% was obtained for the
on the minimum norm principle. It was coded in MATLAB
jamming-in travel of the workpiece between the predictions
software and solved using the quadratic optimization technique.
of the suggested theoretical models. In the calculation of
Results were in accordance with the predictions of the first
these error values, it was assumed that the predictions of the
theoretical model. By taking into account the assumptions
first theoretical model are accurate results; since it utilizes
of the first theoretical model=
the direct (non-iterative) mathematical calculation of the
(m 1kg,
=
µ 0.4,
=
r 10mm, and
),
transformation
matrix
and
the
resultant
external
jamming-in travel by using the static equilibrium equations.
F = 200N
wrench vector were obtained as follows for θ = 44.6 :
This amount of error is negligible for the second mathematical
model. Running the optimization problem with different
configurations, it was observed that the problem converges
1
 0
 −77.5
 1



to feasible solutions with just a few iterations. So, the
0

194.2 
convergence rate is high because of the low dimensions of the
 0
 0 
0

(7)
optimization problem. Fig. 4 represents a typical convergence
T =
 , We 

0
0
0
curve obtained from solving the optimization problem with




 0



the interior-point algorithm. It should be remembered that
0
0




the objective function value is equal to φ 2 where φ indicates
 27.38 0 
 476.7 
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Table 1. Comparison between the predictions of the first and second theoretical models on 𝑥𝑥𝑥𝑥𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗 and 𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗
Table 1. Comparison between the predictions of the first and second theoretical models on and

Coefficient of friction
(µ )

First theoretical model
Jamming-in travel
Jamming-in angle

x jam [mm]

0.45
0.4
0.35
0.3
0.25
0.2
0.15

21.64
24.38
27.85
35.50
39.09
48.93
65.35

θ jam [deg]
49.6
44.6
39.5
34.2
28.7
23.1
17.4

Second theoretical model
Jamming-in travel
Jamming-in angle

x jam [mm=
21.53
24.26
27.78
35.50
39.23
48.93
65.73

θ jam [deg]
49.8
44.8
39.6
34.2
28.6
23.1
17.3

Fig. 4. A typical convergence curve obtained from solving the optimization problem with the interior-point algorithm with
Fig. 4. A typical convergence curve obtained from solving the optimization problem with the interior-point algorithm with

=
(m=
=
µµ 0.4,
=
10mm,
assumptions
F = 200N
)
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the magnitude of the resultant reaction force vector at the
contact point. It can be observed that the problem rapidly
converges to the final solution with just five iterations.
By comparing the predictions of the theoretical models, it
can be concluded that the same predictions of the jamming-in

travel and jamming-in angle of the workpiece can be obtained
from both of the suggested theoretical models. This behavior
was observed for different values of the coefficient of friction,
radius of the workpiece, and intensity of the external wrenches.
Predictions of the theoretical models were validated
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through numerical analysis. Before comparing the numerical
results to the theoretical predictions, jamming occurrence
should first be determined in the numerical results by
investigating the kinematic parameters of the workpiece’s
motion. Fig. 5(a) represents a typical curve of the workpiece
velocity which has been obtained with the assumption of
µd = 0.4 at the contact points. Instability in the workpiece
velocity can be observed in the jamming point Pjam at the
jamming time t jam . It indicates the jamming occurrence
in this configuration. Jamming-in travel of workpiece can
be obtained by mapping this time on the vertical axis of
the position curve (Fig. 5(b)). Hence, jamming-in travel
of workpiece can be obtained as x jam = 25.58mm from the
numerical analysis. Since accurate results are achieved by the
mathematical model, numerical results are compared to the
theoretical ones. By assuming µd = 0.4 , relative error equal to
4.9% is obtained in the prediction of the jamming-in travel of
workpiece from the numerical analysis.
Fig. 6 represents the comparison between the theoretical
predictions and the numerical results. In Fig. 6(a), jamming-in
travel of workpiece is obtained with regards to the coefficient
friction from the theoretical models and numerical analysis.
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Predictions of the theoretical models are well-matched to each
other with the worst-case error equal to 0.6%. By assuming
that the results obtained from the first theoretical model are
accurate, the maximum error equal to 5.7% was obtained for
x jam from the numerical analysis.
Fig. 6(b) represents the comparison between the theoretical
predictions and numerical results on the jamming-in angle of
the workpiece. A maximum error equal to 0.4% was obtained
between the predictions of the theoretical models. Also, the
theoretical predictions of the first model are well-matched to
the numerical results with a maximum error value equal to
4.8%. The relatively small values of the errors in the numerical
analysis represent the accuracy of the simulation and its
results.
It can also be observed in Fig. 6(a) that the jamming-in travel
of the workpiece is increased by decreasing the coefficient of
friction. This phenomenon seems to be reasonable by paying
attention to the geometry and configuration of the problem.
In comparison to the high values of the coefficient of friction,
the workpiece should travel more in the low values to jam and
immobilize on the base surface.
The radius of the circular workpiece also affects its
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jamming-in travel. Five levels were chosen for the radius of
the workpiece including r = 10,15,20,25, and 30mm . Fig.
7(a) represents the curves of x jam regard to the radius of the
workpiece. It was assumed that the mass of the workpiece
was remained constant through controlling its density. By
this assumption, the net effect of the radius of the workpiece
can be obtained on the x jam . It can be observed that x jam
has been increased by increasing the radius of the workpiece
from both the theoretical model and the numerical analysis.
The numerical results have been well matched to those of the
theoretical model with the worst-case error value of 11.2%.
An interesting result was observed for θ jam where it remained
almost constant for different values of the radius of the
workpiece.
External force intensity may also be considered as one
of the influence parameters in the theoretical models. Six
levels were chosen for this parameter to study its effect on
x jam including F = 50,100,200,1000, and 10000N . The last level
includes a force with extra high intensity. This level of force will
be used for proving the fact that the external force intensity
does not affect the jamming-in travel of the workpiece in
the mentioned configuration. Fig. 7(b) represents the results
obtained from the theoretical model. It can be observed that
the jamming-in travel and jamming-in angle of the workpiece
reached the threshold values by increasing the external force
intensity. By applying the external force with the maximum
intensity ( F = 10kN ), threshold values of x jam and θ jam have
been obtained as 25mm and 43.6° , respectively. These values
remained constant by the further increase in the external
force intensity. Since the force intensity equal to 200N was
incorporated in the present study, the relative error value
equal to 2.29% was obtained for x jam in comparison with the
case in which the external force was applied to the workpiece
with the maximum intensity ( F = 10kN ). Although error values
have been decreased by the increase in the external force

intensity, it seems to be unreasonable to apply such forces
to the workpiece in the mentioned configuration. By paying
attention to the error values, it can be concluded that the
effects of the external force intensity can be neglected on the
jamming-in travel and jamming-in angle of the workpiece in
the mentioned configuration. It was also observed that the
mass of the workpiece did not affect the jamming-in travel
and jamming-in angle of the workpiece in both the theoretical
models and the numerical analysis. The same behavior
was observed for the angular velocity of the palm in the
simulation. It should be noted that the theoretical predictions
and numerical results of the suggested models can’t be
compared to the previous data since no specific research has
been published in the literature similar to the subject of the
present paper.
6. CONCLUSIONS
In the present study, mathematical models were developed
for the prediction of jamming of the circular workpiece during
its positioning on the horizontal base surface. Two models
were suggested for the mathematical foundation including the
force analysis and the minimum norm principle. Numerical
analysis was conducted using Adams software to validate the
theoretical predictions. It was concluded that the suggested
theoretical models predicted the workpiece jamming
conditions with accepTable accuracy. With the mentioned
assumptions, numerical results on the jamming-in travel of
the workpiece were matched to the theoretical predictions
with the error value equal to 4.92%. It was also concluded
that the jamming-in travel of the workpiece was increased by
decreasing values of the coefficient of friction in the interval
[0.15-0.45]. By assuming that the workpiece mass is constant,
it was shown that the jamming-in travel of the workpiece was
increased by increasing the radius of the circular workpiece.
By increasing the external force intensity, the jamming-in
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travel of the workpiece reached a threshold value. It remained
constant by the further increase in the external force intensity.
Mass of workpiece and angular velocity of palm had no
sensible effect on the jamming-in travel of workpiece in the
mentioned configuration.
For further study, experimental tests can be conducted
for validating the theoretical predictions and numerical
results. Consideration of the potential rolling motion of the
workpiece in mathematical modeling and numerical analysis
is also an active research field in this area.
NOMENCLATURE

C .G .

external positioning force

Fg

weight-induced force vector

g

gravitational acceleration

n −t

local coordinate system

RF

reaction force vector

Fc

Fn , Ft

m

mass of workpiece

Pjam

jamming point on the velocity curve

RFn , RFt
R n , Rt
r

rc

rg

T

Tn ,Tt
t

Vd
Vs

normal and tangential components of the
reaction force vector
normal and tangential components of the
reaction force
radius of the circular workpiece
position vector of the clamping point
position vector of the workpiece’s center of
geometry
transformation matrix from local to global
coordinate systems
normal and tangential components of the
transformation matrix T
tangential vector at the contact point
friction transition velocity
stiction transition velocity

Wc

resultant clamping wrench vector

We

resultant external wrench vector

Wg

weight-induced wrench vector

x jam

jamming-in travel of the workpiece

X −Y

global coordinate system

α

angle of the friction cone

angle of the palm

θ jam

jamming-in angle of the workpiece

µ

coefficient of friction

φ

norm of the resultant reaction force vector

Subscript

n

normal direction

jam

jamming situation

tangential direction
components of the corresponding vector at the
global X , Y , and Z directions
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