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ABSTRACT: In this study, the effect of spinning speed fluctuations along with the twist angle, on the
stability and bifurcation of spinning slender twisted beams, with linear twist angle and large transverse
deflections, near the primary and parametric resonances have been analyzed using the Euler—Bernoulli
model. The spinning speed fluctuation along with the twist angle, asymmetry and imbalance, play an
important role on the frequency response of the twisted beam. The equations of motion, in the case
of pure single mode motion, are analyzed by using the multiple scales method after discretization by
the Galerkin’s procedure. The instability of the twisted and untwisted beams is investigated and cases
and domains are determined in which bifurcation could occur. Effects of the speed fluctuations, twist
angle, damping ratio, asymmetry, eccentricity and mass moment of inertia about the longitudinal axis
on the frequency response of the twisted beam are investigated. This is explained that the spinning
speed fluctuation effect is weak in lower modes and smaller twist angles while asymmetry effect is
dominant. By ascending the mode number and twist angle, spinning speed fluctuation effect amplifies
the amplitude of system. The results are compared and validated with the results obtained from Runge-
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Kutta numerical method in steady state, and confirmed with some previous researches.

1. INTRODUCTION

The analysis of the behavior of rotating systems plays
an important role in reducing the destructive vibrations of
rotating systems such as turbine blades, helicopter rotor
blades, pumps, compressors, satellite booms and machining
(fluted end-milling cutter, drilling, and boring bar). In
reality, these systems may be subjected to torsional loads and
thus spinning fluctuates. These perturbations can produce
devastating effects on such equipment. Therefore, studying
the nonlinear vibrational and dynamic behavior of twisted
and non-twisted beams is of great importance and can help
to understand the behavior of more complex structures under
similar conditions. In recent years, numerous studies have
been conducted on the vibrational behavior of twisted beams.
These beams are usually introduced using Euler-Bernoulli
and Timoshenko models and their twist angles may be linear
or non-linear along the longitudinal axis of the beam. Some
of the analyses focus on the non-rotating twisted beams and
rotating twisted beams about the perpendicular direction.
Early success in modeling of the twisted beams obtained by
Washizu [1]. He explained that the twisted beams have made
of flat fibers which have been twisted spirally and make a
twisted beam. Also, he extracted mathematical equations of
the twisted cantilever beam and used semi-inverse technique
to analyze the dynamical behavior of the twisted beam by
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considering the torsional and flexural deformations. Slyper [2]
studied the coupled bending-bending vibrations of a twisted
cantilevered beam. By extracting the resonance frequencies
and the equations of motion, frequencies and modal curves
of experimental and theoretical models obtained for three
twist angles 0° and 90°, and indicated a good correlation
together. Carnegie [3] presented transverse vibration
equations by considering the coupling between bending and
rotation and investigated the geometrical effects of twisted
beams on natural frequencies. Dawson and Carnegie [3]
predicted modal curves despite the stress along the turbine
blades. The prediction results depend on the torsion angle,
cross-section, centrifugal tension and aerodynamic effects.
Turbine blades are modeled as rectangular twisted beams
with varying length-to-width ratios and torsion angles of 0 to
90 degrees. The results are compared with similar work and
show good agreement. Imregun [4] used a numerical method
to investigate the frequency response of turbomachinery
blades. He modelled the blades as rotary twisted beam
and extracted the equations of motion by considering the
Coriolis effects, and found that the obtained results have a
good correlation with the previous researches. Oh et al. [5]
studied coupled vibrations of the rotating twisted composite
beams by considering the shear effects and inertia terms. They
extracted the equations by using the Hamiltons principle
and investigated influences of the number of layers and
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twist angle on the frequency response curves. Banerjee [6]
used a dynamic stiffness method to determine the natural
frequency of a non-rotating twisted beam. Rotational inertia
and shear deformation of the twisted beam were considered,
and the success of this method for obtaining system
eigenfrequencies was elucidated. Yardimoglu and Yildirim
[7] have succeeded in introducing a new method based on
the finite element method to obtain resonant frequencies
of non-spinning pre-twisted Timoshenko beams. Sabuncu
and Evran [8] investigated the effect of twist angle on the
frequency responses of linear and nonlinear twisted blades
about the transverse axis and found that the relationship
between linear and nonlinear blade models was smaller
for larger twist angles. Lin et al. [9] obtained the transverse
vibration equations of a twisted beam mounted on an elastic
foundation. They studied the frequency response of the beam
in three states under damping, critical and overdamping, and
the effect of parameters such as twist angle, and damping ratio
on the frequency response and system instability. Avramov
and Pierre [10] modeled the rotating blade as a rotating
asymmetric twisted beam and obtained the nonlinear partial
differential. They used the Galerkin method to discretize the
equations. Also, they used the nonlinear normal mode method
to analyze the set of equations and found that first and fourth
backbone curves are soft and the second and third backbone
curves are hard. Verichev et al. [11] studied vibration behavior
of a rotary system with harmonic speed and without changing
in the visco-elastic properties of the system. They applied
averaging method and numerical integration to validate
analytical results and shown that vibrations of the system
could be damped by selecting the suitable parameters for the
harmonic term of rotation speed. Yao et al. [12] investigated
the nonlinear stability of the rotating blade with speed
fluctuation under high-temperature supersonic gas flow.
They modeled the rotating blade as a pre-twist, thin-walled
rotating cantilever beam and used the isotropic constitutive
law and Hamilton’s principle to extract the nonlinear partial
differential equations of motion. Aerodynamic loads were
explained by first-order piston theory. Then, they discretized
the obtained equations by Galerkin’s method and applied
the method of the multiple scales to describe the internal
and primary resonances. Finally, they found that there are
the periodic and chaotic motions in this system with speed
fluctuation. Ebrahimi and Mokhtari [13] presented free
vibration analysis of rotating exponentially graded thick
beams based on the Timoshenko beam theory. They used
Hamilton’s principle to extract the equations and solved
them by the differential transform method. They studied the
influences of the constituent volume fractions, slenderness
ratios, rotational speed and hub radius on the vibration
characteristics of the rotating thick Functionally Graded (FG)
beam and indicated that these effects play significant role on
the dynamic behavior of rotating FG beam. Bekir et al. [14]
studied dynamical behavior of spinning twisted beam by
considering the Coriolis effects. They performed their analysis
using the Spectral-Tchebychev method and compared the
results with the finite element simulation results. The study
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showed that both results agree with good accuracy. They also
found that the aforementioned three-dimensional approach
can be applied to more complex structures and boundary
conditions. Adair and Jaeger [15] investigated vibration of the
rotating twisted Euler-Bernoulli beams using the modified
adomian decomposition method. They obtained the linear
differential equations of motion considering the centrifugal
stiffness. Natural frequency and mode shapes obtained
simultaneously using the Adomian Modified Decomposition
Method (AMDM). AMDM converts the motion equations to
recursive algebraic equations and simple algebraic boundary
conditions.

However, work on twisted beam vibrations spinning
around its longitudinal axis is scarce. Tekinalp and Ulsoy
[16,17] described instability and vibrational response of a
drill bit as the spinning twisted beam about its longitudinal
axis and investigated influences of the twist angle, rotational
speed and aspect ratio on the transverse frequency response.
They modeled twisted beam as Euler-Bernoulli beam and
utilized the finite element method and compared results with
analytical and experimental procedures. Huang [18] simulated
a drilling bit with the Winkler foundation and investigated
the impact of structural damage on the stability of the twisted
beam with time-dependent boundary conditions. He
investigated the stability of the bit by changing drilling force.
Young and Gau [19] investigated instability of spinning pre-
twisted beams about the longitudinal axis with simple periodic
speed and Gaussian white noise axial force as a summation of
the static and dynamic forces using the finite element method.
They found that there are unstable domains in main
resonances and instability domains reduce at the higher
resonances. Furthermore, results were extracted numerically
for different combination resonances. Gurgeoze [20] studied
axial force vibration of a pre-twisted rotor and solved linear
equations of motion by Galerkins method. He used the
multiple scales procedure explained vibrational responses for
several and the results boundary conditions. Lee [21,22]
analyzed stability of twisted beam with simply support and
clamp-free boundary conditions. He used Euler-Bernoulli
beam theory and utilized assumed mode method to investigate
the stability domains of the beam. Above mentioned beam is
under constant and sinusoidal axial load. The obtained results
indicated that the spinning speed, the twist angle and the
slenderness coefficient of the beam effect on the stability
regions. Tan et al. [23] obtained the equations of motion of
the twisted beam with zero and non-zero twist angle. The
beam was modelled by Euler beam theory and was under
axial force. They utilized the assumed mode method and
concluded that ascending the twist angle, unstable domain
increases. Chen [24] presented the instability results of a
rotating twisted beam about the axial direction and under the
axial force. He modelled twisted beam with Timoshenko
theory and considered Coriolis effect. The equations of
motion obtained in coordinate system attached to the twisted
beam by Hamilton’s principle and were discretized by the
finite element. He studied influences the twist angle, rotating
speed, constant axial load and slenderness coefficient. Once
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again, Chen et al. [25] analyzed the vibration behavior of the
spinning twisted beam by ANSYS software. Chen et al. [26]
investigated the instability of a pre-twisted beam under a
periodic axial load. The beam was viscoelastic and rotated
about the axial direction of beam. They used Hamilton’s
principle to obtain the equations and discretized equations by
finite element method. By considering Bolotin’s method,
influences of spinning speed, twist angle, setting angle and
constant axial load were studied on the stability regions. Chen
[27] studied vibrational behavior of twisted beam based on
the Timoshenko theory and Kelvin-Voigt damping in varies
boundary conditions. To simplifying, he used coordinate
frame attached to fluted frame and obtained the equations of
motion linearly by finite element method. He described that
descending the internal damping increases imaginary part of
the eigenfrequencies while twist angle decreases. In other
research, Chen [28] studied the axial load effect on the
vibrational responses twisted Timoshenko beams with
Kelvin-Voigt damping. He presented the previous results in
above mentioned cases. Li et al. [29] presented free vibration
of a spinning composite thin-walled beam with hydrothermal
conditions. They utilized Hamilton’s principle to extract the
equations of motion based on the constitutive relationship
and solved the obtained equations by Galerkin’s discretization
method. They investigated influences of the moisture,
spinning speed, temperature and fiber orientation angles on
the frequency responses of the beam and found that ascending
the spinning speed decreases natural frequency of the vertical
beam while increases natural frequency of the horizontal
beam. Also, the natural frequencies decrease and increase
with respect to the length-to-radius ratio and thickness-to-
radius ratio, respectively. Li et al. [30] studied the coupled
vibrations of a spinning composite thin-walled beam with the
axial moving. They extracted motion equations by Hamilton’s
principle and discretized them by Galerkin’s method. The
effects of the fiber orientation angles, length-and thickness-
to-radius ratios, axially moving speeds and spinning speeds
on the natural frequencies of the beam were studied and they
found that the natural frequencies of vertical beam decrease
with respect to the spinning angular speed, while it is unlike
for the horizontal beam. But, the natural frequencies of
vertical and horizontal beam decrease with respect to the
axial speed. Zhu and Chung [31] investigated a new model of
spinning beam with deployment based on the Rayleigh beam
theory and obtained coupled equations of motion by using
the von Karman nonlinear strain theory. Galerkin’s method
was applied to discretize the equations and natural frequencies
of the Rayleigh and Euler-Bernoulli beams were compared by
considering the deploying motions. They explained that
Rayleigh beam model is more exact than the Euler-Bernoulli
beam model, because the rotary inertia effect is accounted for
the Rayleigh beam model. Also, flexural motion of the
Rayleigh beam is influenced by both of the deployment and
spinning speed, while flexural motion of the Euler-Bernoulli
beam is influenced by only the deployment speed. Zhu and
Chung [32] studied the stability of a simply supported
spinning beam with an axially moving motion. They extracted

natural frequencies of the beam and investigated the critical
speed and stability domains. In this study, they found that the
present equations of motion are more reliable than the
previous equations because the present equations completely
consider the rotary inertia terms. Thomas et al. [33] explained
the nonlinear vibrations of the cantilever beam and studied
the influence of the rotational speed on the hardening and
softening behavior and the bifurcation points. Equations of
motion were analyzed analytically and discretized by finite
element method. They compared the maximum amplitude of
vibrations with both of the above-mentioned methods and
investigated the accuracy of the results together. Sheng and
Wang [34] studied nonlinear dynamic behavior of the Euler-
Bernoulli beams with the simply support boundary
conditions, moving load and Kelvin—Voigt damping. They
extracted the nonlinear partial differential equations of the
motion by using the Von Karman nonlinear theory and
D’Alembert’s principle and discretized them by the Galerkin’s
method. The results shown that the amplitude of nonlinear
system responses are higher than that obtained from the
linear system. Farsadi et al. [35] studied aero-elastic response
of the blades modeled by asymmetric composite pre-twisted
rotating thin walled beams. They used Hamilton’s principle to
extract the equations of motion and boundary conditions and
the approximation of Green-Lagrange strain tensor to extract
the strain field of the system. The equations were discretized
by Galerkin’s method and findings were concentrated on the
effects of the coupling in circumferentially asymmetric
stiffness and  circumferentially  uniform  stiffness
configurations, twist angle, rotating speed and fiber
orientation, on the natural frequencies of the beam. Mirtalaei
and Hajabasi [36] studied axial, bending and torsional
vibrations of the in-extensional rotating beam. Equations of
motion were solved by perturbation method and investigated
influences of the coupling axial, bending and torsional
motion, rotating speed and radius to length ratio of the beam
on the vibration behavior of system. Qaderi et al. [37]
presented the nonlinear dynamic behavior of a spinning shaft
with the parametric and external excitations. They explained
that external excitation is due to shaft unbalance and
parametric excitation is due to periodic axial force, and
investigated combination resonances of parametric excitation
and primary resonance of external force. In this work, the
multiple scales method was applied to ordinary nonlinear
differential equations and the influence of various parameters
on the response of the system was studied. Xinwei and Zhang
[38] used the quadrature element technique to solve the
coupled dynamic behavior of curved and pre-twisted beam
like structures with irregular shapes of cross-section. Beams
were rectangular, circular, elliptical and airfoil cross-sections,
various curvature and pre-twist rates, and different boundary
conditions. They obtained the results and compared them
with the 3Dimensioal Spectral-Tchebychev (3D-ST) solutions
and the finite element data, and indicated that the proposed
method is accurate when the number of degrees of freedom is
small. Karimi Nobandegani et al. [39] presented instability of
twisted beam with clamp-free boundary condition under
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axial load so that the beam rotates about the axial direction in
a viscoelastic Kelvin-Voigt foundation. They extracted the
equations of motion by Hamilton’s principle discretized them
by finite element method. Finally, stability of the system was
studied by changing the force coeflicient, damping ratio, twist
angle and slenderness coefficient. Tajik and Karami
Mohammadi [40] investigated the nonlinear bifurcation and
stability of the Euler-Bernoulli twisted beam assuming it was
slender, asymmetric and unbalanced. They studied influences
of the twist angle, damping ratio and eccentricity on the
frequency responses and found that the frequency response
curves in the first two modes are of hardening type. So that
increasing the torsion angle in the first mode can reduce the
amplitude of the steady oscillation while in the second mode
it reverses. As presented above, methods used to analyze the
twisted beams are discretization methods such as finite
element and Galerkin methods and the twisted beams often
have been analyzed linearly, while practically the behavior of
the twisted beams is nonlinear. Furthermore, in general, all
studies are about the twisted beams without any eccentricities
and fluctuations on the spinning speed, while in fact, twisted
beams may be imbalance and asymmetrical with the spinning
speed fluctuations. So, identifying and improving their
vibrational behavior play an important role in the vibrational
motion of the rotary systems. In reference [40], the twisted
beam was symmetric and spins with constant speed.

In this paper, the twisted beam is asymmetric and its
rotational speed fluctuates. The effects of speed fluctuationsand
twisted angles by considering the asymmetric and unbalance
are studied on the vibrational behavior of the pre-twisted
Euler-Bernoulli beams that spin about the longitudinal axis.
Hence, excitation sources are the imbalance, asymmetry and
speed fluctuation and influences of the gyroscopic and rotary
inertia are considered. The obtained equations of motion
are analyzed in the case of single mode motion by Galerkin’s
discretization method and then multiple scales method is
applied on the obtained ordinary differential equations. The
instability of the twisted and untwisted beams is investigated
and cases and domains are determined that bifurcation can
occur. Furthermore, the results are validated using the Runge-

Kutta numerical method in the steady state.

2. GOVERNING EQUATIONS OF MOTION

Consider a slender asymmetrical twisted beam that spins
about the axial direction with varying speed and simply-simply
boundary condition in Fig. 1. The frames X-Y-Zand ¢ —n - ¢&
are fixed and twisted coordinate systems, respectively. The twist
angle changes in linear form by g,x (3, is pre-twist angle per
unit length) so that the local coordinate ¢ —7 — & twists on the
flute of beam. &and 7 are principle axes of the beam cross-
section, and X and ¢ are coincident. The beam is isotropic and
Euler-Bernoulli theory has been utilized so that the shape of
the cross-section and all its geometrical dimensions remain
invariant in its plane. Also, rotary inertia and gyroscopic effects
have been considered. Three successive Euler-angles w(t,x),
0(t,x) and ¢(t,x) about the axes of X, Y, Z [41] are used to
indicate the rotation of the cross-section of beam. y(t,x)and
0(t,x)are due to the flexural deformation of the beam and
#(t,x) is only due to the spinning speed of the twisted beam.
By assuming the torsional deformation is small, ¢(¢,x) is,

#(ex)=[ 2(c)ae (1)

Assume the spinning speed of the simply supported
twisted beam is under a sinusoidal perturbation as following,

_Q(t):_QO(1+52cos(2_Qt)) (2)

So, substituting Eq. (2) into Eq. (1) gives,

2
#(t,x)= Qo(t+zg—gsin(2.(2t)] 3)

From the Euler angles, angular velocity and curvature
components of the spinning twisted beam in XYZ frame can
be written the same as in reference [40]. Extracting the partial
differential equations of motion is done by using Hamilton’s
principle as following,

TSLdt —0 (4)

4

Fig. 1. Spinning pre-twisted beam with two coordinate frames fixed (XYZ) and local ({7¢ ).
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where £=T-U+Ww,_. T, U, and W _ denote to the kinetic,
potential and external non-conservative energies. The kinetic
and potential energies of the spinning twisted beam can be
calculated the same as in reference [40]. By neglecting the
internal damping and considering the external damping in
transverse directions of Yand Zasc, =c,, =c, So, dissipation
energy, W__, is given the same as in reference [40]. From the
Fig. 1, displacement components of the center of mass of the
beam in the global coordinate XYZ are u,(t,x), v, (t,x)and
w, (t,x). By considering the displacement components of the
natural axis of the twisted beam in the local coordinate 77 as
U (t,x), v, (t,x)and w,(t,x), rotational matrix R is used
to describe the displacement components of these frames in a
single equation and convert them together as following,

1 0 0
R=|0 cos(Byx) —sin(B,x) (5)
0 sin(f,x) cos(f,x)
Hence,
Uy Ug
v, =R v, (6)
w, W,

Similarly, moments of inertia and stiffness matrices
between the XYZ and {né frames can be expressed as,

I, 0 0 Iy 000
_ T
0 y I vz =R 0 Im7 0 IR (7)
0 I, I, 0 0 I
and
D, 0 0 Dy 000
_ T
0 D, D,|=%| 0 D, 0%
0 D, D, 0 0 D
Where

lee = [ pndnde . 1, = [[ ot + £)dnde
A A

Iy = I I pE2dndé (®)
A

D =G[[or* +&ande , D =E|[ndnde,
A A

D, =E[[&dnds . A, = A, ~E|[dndc )
A A

where R is the transpose matrix of R and, p , A, E and
G are mass density, area cross-section, elasticity and shear
modules of the twisted beam, respectively. Advantage of using
the twisted frame ¢7¢ to extract the equations is that cross-
sectional properties of the twisted beam such as principal
moments of inertia do not vary along the longitudinal axis.
The twisted beam has imbalance defined by (en,eé). So,
displacement components of the center of mass can be written
as,

Ug =Uy, Vg =V, +e, cos(Qt)—efsin(.Qt),

y

W, =W, +e, sin(.Qt)+e§cos(_Qt) (10)

Longitudinal strain of centroidal line of the twisted beam
e can be calculated as [40]

e:\/(1+u;)2+v'y2+w;2 -1 (11)

The rotational Euler angles y and 8 can be obtained as
following [40],

’
. _ Vy
siny = —
(1+u;) +V;,2

, (12)
!

sinf =
)2 12 12
\/(1+ux) +V, 4w,

Since the Euler angles of they and 6 are dependent
variables, the number of independent variables is reduced to
three translational displacements u,, v, and w,. Finally,
by considering the Egs. (1) to (12), expanding the angular
velocities and curvatures by Taylor series up to o(*),
converting the displacement, mass moments of inertia and
stiffness components to twisted frame ¢7&, substituting
results in the kinetic, potential and dissipation energies
and applying the Hamilton’s principle, Eq. (4), the partial
differential equations of motion of the spinning twisted beam
with speed fluctuation in the twisted frame can be written as
following,

mii—A,, (u" +w'w"+V'V" 4By (vw" -wv")

+ﬁ02(vv’+ww')):0 -
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mZ+XDZ® —X17'-2i 3Dz’ - B? (—212+ szuz”j -if, (2212— 4z" ] rcZePX 4 [(1 /2iZ'7% + iZZ’Z)ﬂ03

H(-2'22 277 +1/22°7"\ B + (222" + ' 2 + i’ 2 +1/ 212" + 222" 272" ) By

—u'Z"-u'Z'-1/22"*7" - Z'Z'Z”]AXX +1,.92,&° (—iﬁOQZ' +1/ 47'/30 +1/207"-1/28°07Z

11/ 4iZ B2 )e’z"("’o ) L1 O (—iﬁOQZ' +1/47'By-1/2Q7" 1/ 25207 +1/ 4Z ;2 )eZi( fox+Q2t)

+[8 Byt ADZ —22i B2 ADZ' + (—21ADZ” —6iQAIZ + 3411?) B2+ (—41‘4112"" +8iADZ" - BQOAIZ’) B, (14)
—AIZ" +2iQ, AIZ" + ADZ™ ]e’z"(%"zﬂox) + [—8 Byt ADZ 22132 ADZ' + (21ADZ" —6i0,AZ - 3A1§) B2

+(—4iA1§’ +8iADZ" + 890A1§') By + AIZ" —2iQ AIZ" + ADZ™ }ez"(gﬂ t=2)

+1XXQOSZ(—iﬁOQz'—1/4Z'ﬁO +1/2i2"~1/25,2Q7 1/ 47,2 —1/ZﬁOZQZ”—3/4ﬂOZ")e‘2"m

+1xxgogz(iﬂ002'—1/42'ﬁo L1/2i2"-1/22QZ+1/ 4Zp)} +1/2ﬁ0292"+3/4ﬁoz")e2"9f

I 0 P : : : (g xe
= 0 Hiﬂg Z- Z']ez%x +(—2iZ”+3,BO Z+ip} ZJ:|:m_(202<e”(x)+ief(x))e (A=t
With boundary conditions: @x =0,L = u=0, Z=Z"=0 where
Z=v+iw, sz—iw, U=u,, v=v,, W=Wwg,
_ _ 15
AD:(D§§2D7777)’ AI:(Ifleﬂﬂ)’ ZD:(ng_;Dﬂl]), 21:(155”7717) (15

Z is the complex form of flexural displacements of v and w . For the slender beams, it can be ignored the inertia term mii
from Eq. (13) [41] and using the simply supported boundary conditions, Eq. (13) can be rewritten as,

’

R Y P N S A W S LT (N S , N p2(2 2
u'= Eﬁo(v +w )+ﬁ0(—vw +WV)—E(V +w )+ﬁ.l.0(v +w —Zﬂo(vw—vw)+ﬂ0(v +w ))dx (16)

Once again, substituting and simplifying Eq. (16) into Eqgs. (13) and (14) and considering orders v=w =0(s) and u=0(¢")
from the Eq. (16), expanding the resultant equations up to order O(¢*), and using the non-dimensional parameters given by,

* * * * * * ,Q
T . Sy S ys N S
hy hy hy L /7;4()7 /;;407
mL* mL*
2 2 2 = 2
t :—t ,I =I§§=7Z' ;X’ :7[22[, C :C—ﬂ- anOD’ ,Ll=—0 XX,
mL mL L 2¥D

m[7 XX
70D

Z"=v'+iw", Z'=v'-iw"

where h; is the side of the cross-section of the twisted beam. It should be noted that to avoid the complexity of equations and
simplifying them, the asterisk symbol is ignored in the following. So, Complex form of flexural vibration equation is given by,
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- 7@y i3 2 . i -4 . 1 _
Z+ Pl X B I B2 L P BN iz'ﬁgj 7Zdx
4 2 4 2 2 2 2 4 0

T v T T v v v V2

B 1 _ 1 _ 1 _ 1 _
+(Z’J. (ZZ'—ZZ')dx+Z"I Zde)ﬁ§+(z’I Z'Z’dx+iZ”I (ZZ’—ZZ’)dx)ﬂO+Z”I Z'Z’dx}
0 0 0 0 0

I 0 — - _ _ - il
pn gz(—iﬂoQZ’+1/ 4Z'By+1/207"-1/22QZ+1/ 4iZ,302)e 2(=hox+2)
T
L% 2(_. 7 7 7n 207 = 52\ 2 By x+02t)
p (—IﬂO.QZ +1/4Z'B,-1/20Q7" -1/ 22 QZ +1] 4Zp, )e 0
T

+[8ﬁ04ADZ— 22,3 ADZ' +(—21ADZ" —6iQAIZ + 3A1§)ﬁ02 + (—41‘4112‘" +8iADZ" —8QOA1§')ﬁO

~2i( 2y t-25%) (17)

b, ZiQOAIZ" A7 } e . |:_8ﬂ04ADZ_ 22if, ADZ' + (21ADZ” —6iQOAIf—3A1§)ﬂ02

V3
2i( 2y t-2 %)

4

+(—4iAI§' +8iADZ" + BQOAIE') By + AIZ"—2iQ,AIZ" + ADZ(‘*)} €
T

1,0 = . . . .
$%0 2 (—iﬂOQZ’—1/4Z’ﬂO 11/2i2"-1/28202 1] 42 P2 —1/2ﬂozgz"—3/4ﬂ02')e-2'9f
T

1,0 - . . . .
poc 2 (iﬂOQZ’—1/4Z’ﬁ0 1/2i2"-1/25,2Q7+1/ 4252 + 1/2ﬂ02.QZ”+3/4,BOZ’)e2’m

T

LS\ 25 o a | 2isx | oiom R I . -i(px-2t)

== iBy Z—- By Z" |e + =2Z'+3B, Z+iIP5 Z | |= £ (eq(x)+le§(x))e

27”

where h, is the side of the cross-section of the twisted beam. It should be noted that to avoid the complexity of equations
and simplifying them, the asterisk symbol is ignored in the following. Here, to analyze the above equation of motions, Galerkin’s
methods and multiple scales are utilized to extract the solution of the system. In this procedure, the partial differential equations of
motion are converted to the Ordinary Differential Equations (ODEs) by Galerkin’s method and stability of the system is analyzed

by multiple scales method. Also, the results are obtained numerically by Runge-Kutta method and finally, both of obtained results
validated together.

3. SOLUTION METHOD

In this section, the multiple scales method after discretization by the Galerkins procedure is applied to analyze the transverse
parametric resonances due to the asymmetry and spinning speed fluctuation. Furthermore, in this study, it has been assumed that
the twisted beam is driven near the natural frequency of the linear mode and that the mode is not involved an internal resonance
with other modes. So, the response is usually referred to a single-mode approximation [42]. A single mode Galerkin method may
be used to discretize the nonlinear coupled partial differential equation, Eq. (17), as following [42, 43],

Z(x,t) =D, (x)Z(t) (18)

where 7 is the mode number and @, (x) is the linear transverse mode shape which is
@, (x)=sin(nzx) (19)

Substituting Eqgs. (18) and (19) into Eq. (17), multiplying the equation by its corresponding mode shape, integrating by parts
over the interval [0,1] and using the orthogonality of mode shapes leads to,

ei(—Z.Qot-Hl-ﬂD) _e(Zi.QOt)
B
41/ 462, 20(1/2(2i115, 2 + 11,,2)e™ ) 41/ 2(200T5 7 - IT,,7)e 74 4111, 76" | (20)

i(Hé_V.Z_. + H7,VZ; - HS,VZ)[ ] +1/ 2i82H1‘VZ(e(*2iQt) +e2) )

1+

+ITy ,Z~ 1T, ,c( V2 +1/ 2Ty 7 + [Ty pZ°Z + 2014, 2 +1 ] 4115 % (e, +ie, ) e D) =0

0
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Where

11, = (85 ~187°n* i =60 x*n* ] +167°n° ) 1, 2,

=[1367z4n2/302 ~32(*nt + 22 ) -32( 2°n® + 9
T1+1047°0° B (%0 + ] )21]

= [2087z2n4/302 (72'21’12 +57 ) - 64( 7°n® +n* B8 )J
,, =167 (z°n* -4 5} ), 115, = (21)
4( 17 Ben’n* +an* B +4n47r6)
Mg, =(217°n° B —4x*n* =5} \a*n’al, 11, , =
(~4272%n* B +87*n" +10 B} )20 A1 3,
MMy, =(47°n°+36 f§n* +197"n® 5 —1497°n* ] ) 4D,
1, =| ~67"n* 5 ~87°n° +162{n*x” ~ 404§ |n*x*,

e)=[ C'Z(xx]e (o, e;=[ C'Z(xx)e;(x)dx.

Since the Eq. (20) has cubic nonlinearities, transverse
component of Z(t) =v(t)+iw(t) is expressed as following [42,
43],

Z(t)=Zy(Ty,Ty) + > Z5(Ty, Ty) + (22)

where ¢ is the small parameter which can be used as a
book keeping parameter and T,=t and T, =&’ . Hence,
time derivatives can be recomputed using the chain rule as
following,

2

0 2 0 2 2
—=Dy+¢&°D, +.. and —=D," +2&°D,D, +... (23)
0 p) o 0 20

where D, =3/ 0T,. To obtain the primary and parametric
resonances and balance the nonlinearities, the parameters ¢,
AD , Al, e; and e, are written as following,

c=¢%, AD=g’AD, Al=£°Al, e, =z, e.=c'e, (24)

Substituting the Egs. (22) to (24) into Eq. (20) and equating
coeflicients of like power of ¢ yields,

O(g):

2, . (25)
211,,Z, +1/2DZ, +ill, ,DyZ; =0

And
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0(%):

ill, ,DyZy +1/2D4 M1, Z; + 211, , Z,

+11,,D,DyZ; +il1 ,D,Z, + IT; ,uZ,*Z,
. 2 = =

+i( 115, D2, + 11,,DyZy ~ 1Ty, 7, )

(ei(200T0+4ﬂ0) —e

Bo
( o219 | e(ZiQTO)) (26)

(2iTy)
+1/2ill; ,DyZ,

1/2(-2ill5,Z, + 11,7, )
+1/ 41, 20| ) 41 /2(2i1T5,Z, - 15,2, )

e(—Zi.OTD) + iHS’VzleZi(_QTo—ﬁo)

1+e%

—I1, ,c(——)DyZ, +1/ 4115 2, (en +ie, )e(iQOTD) _0

0

The general solution of Eq. (25) is,
24Ty, Ty) = Ay (T)e" ™™ o+ Ay (T )e™" (27)
where @; and @, denote to the linear forward and

backward frequencies, which for the simply supported beam
with speed fluctuation are given by [40],

1 51 \/g (28)

@p =
where

8, =1,,9,(B0* +27°n*)

o, :2(712 +(7z2n2 +ﬁ§)21)

+ (1 Qymnf, )’

2 2
8 =(La% B || +4| +(1oQ®n® | + 2451 Byen’ ) +

4r*n® X1+ 4x*nt

20(znf,)* +2021(fin)

And Al(Tz) and Az(Tz) are complex amplitudes of the
forward and backward whirling, respectively. To analyze the
primary and parametric resonances, nearness {2 to £, and
@y can be indicated by detuning parameters oy and o, as
following [43],
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QR=w,+5'0,, Q=0+, (29)

where 01 =0, =0(1) [43]. Substituting Egs. (27) to (29)
into Eq. (26) leads to

ilT, ,DyZy+1/2DEIT, 2y + 201  Zs
' : " ' (30)
=G(T)e' '™ +Gy(Ty)e' ™ +N.ST+CC

where CC and N.S.T denote to the complex conjugate and
non-secular terms. Also,

Gf(Tz)=Gf,v(T2)+in,w(T2) and
G,(Ty) =G, ,(T,)+iG, ,(T,) (31)

Gs (1), G,,(T3), Gy, (T3), and Gy, (T;) include the
secular terms and are given in the Appendix A. To obtain the
solvability conditions, the secular terms must be eliminated.
Hence, particular solutions corresponding to the 1. and
+e'™ in Eq. (30) are,

. i, T,
Z3(Tosz):[Pn(Tz)HPzz(Tz)]e “rto

. (32)
+[Q11(T2)+ 1Q2, (T, )]elwao

Substituting Eq. (32) into Eq. (30) and equating the
coefficients of each of +¢'”" and +¢»", it can clearly be seen
that the Eq. (30) has a non-trivial solution. So, its solvability
conditions can be written as,

-1/200, 05 +2115, Gy, | 0 o
iﬂl’va)f Gf'w
Gf,V —I.HLva)f 0 (33)
5 =
Gry —1/200,,0%+211,,
And
2
/2l 42, Gyl
inl,va)b Gb,w
G —ill, o
b,v 1,v%b -0 (34)

Gy, —1/200,,0} +211,,

Simplifying the Eqgs. (33) and (34) gives two equations as
following,

i[ 11, + 1Ty 0 |D, A, +4plls, A4

b _
+11,,ca; (1;] A, +2ulT, A, Ay A,
0

b N
o o e +r1(1ve ) 27T 4,
B

0

(35)

+15, (e, +ie; ) 2% =0

And

1—¢'fo
i1, ,,D,A, +16n’w’ca,| —— |4,
Bo (36)

1Ty 1Ay Ay 21T, iy Ay Ay =0

where A_1 and A_2 are complex conjugates of A, and 4,,
respectively and,

1, =[2(_ﬂg+2ﬂ n’z" +8n'n )IXXQO
ot e 10,

+8(—4n27r4 +772ﬂ§)wb:|'H2.W (37)

:16(n2ﬂ§—3ﬂ2 4 _2 4n67z4)

M=1/40,1, ", I2

=11, 0} +11, 0, + g,

As shown in Egs. (35) to (37), 7’1 and /"2 denote to
the speed fluctuation and asymmetry terms which are the
coefficients of e*°™ . This means that asymmetry and speed
fluctuation effects lead to the parametric resonances with
frequency 202 . To extend and simplify the solutions of the
Egs. (35) and (36), e 10Ty s eliminated by converting A,(T,)
and A(T,) as

A, (T,) = A(T))e"" (38)

Then, A(T,) and A,(T,) are expressed as the polar forms
1 i0(T,) 1 i0(T,)
A(TZ):Eal (T;)e™"" 'Az(Tz):Eaz(Tz Je "t (39)

where q,(T,) and a, (Tz)are the amplitudes and O(T,
and ¢(T,) are phase angles of the forward and backward
whirling, respectively. Substituting the Eq. (39) into the
resultant Equations, simplifying and separating the real and
imaginary parts, four first-order modulation equations are
obtained as following,

| 11, + 11,0 |a,D,0 =1/ 41T, , a;’

1
+11, Mjcwfal +1/ 2015, pay’a,

sm(ZQ) sm(4—ﬂ +2@))
Ay
a
sm(2@) 51n(29+2ﬂ0)]
By
[ +H2Va)fJo-a1+2.QO]75v

(40)

sm(@) te, cos(@))
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FZ[COS(ZQ)Jr 005(4,60 + 2@)]
5,

+F1(—cos(2@)+cos(2@+ 25, )J
A,

+H4,v sin(ﬁ0 )Ca)fal + ZHS’V.QOZ (e” sin(@) —€ cos(@))

[Hl_v +11,,0; ]Dza1 -

(41)

11, ,D,a, =16 n’rtcw, [M}lz (42)

0

1 1 2

EHLwazDz‘g = Eﬂz,wﬂaz%

(43)
1- 1
+8n’zr*cw, [Mjaz + gﬂzyw,uaf

0

Because the amplitudes and phases are not change at
an equilibrium solution, the steady state responses of the
system occur at this solution. Consequently, to analyze the
equilibrium solutions, time derivatives are equated with
zero and according to the Egs. (42) and (43), a, will be
zero. This means that in the simultaneous resonances of
nonlinear gyroscopic asymmetrical twisted beam with speed
fluctuations, the effect of backward mode is negligible and
vibration modes are only a function of the forward whirling.
Hence, the following equations can be obtained,

3
1/ 4013, pay, _[Hl,v +H2,va)f:|0'alo

Fz[sin(Z@U)—sin(él-ﬂo +2 @o)J

A
in(20,)-sin(2 @, +24,) o
Fl[sm , ) —sin b + 28, ] (44)
Ay

1-—
+11,, (Mjca)}cam + 2.(25175 v
, 5, ,

(e§ sin(@0)+e,’ cos(@u))=0

FZ(COS(Z o, ) + cos(4,3n + Zgo)j
A

—cos(Z@ )+cos(29 +28 ) o (45)
+I'1 > L
A

11, sin(p, )waalo +

+2H5'V.QOZ (e’7 sin( o, ) —85 cos( o, )) =0

where a;5and @, are the equilibrium solutions (steady
solutions) of Eqgs. (40) and (41).

4. STABILITY ANALYSIS

The stability of the steady-state motion is investigated by
the eigenvalues of the Jacobian matrix of the right hand sides
of Egs. (40) and (41) [44].

372

_AB(46)
7=l¢ b

where
317, 17 1-—
= 2 pagy + o ( Cos(ﬁo)jca)f _9
4/11:‘/010 Al,valo ﬁo a,
Fi(sin(Z@o)—sin(Z@o+2ﬂ0)j
- Po
Ay yay, +F2[sin(2@0)—sin(4ﬂ0+2@0)j
By
ot )
B_i By
A, 1 cos(26, )—cos(26, +243,)
Bo
11,
+2_QO2 5v (eécos(@o)—ensin(@o))

4,05

Fz[—cos(2@0)+ (:os(4ﬂ0 +206), )J
1

. Ao
Ay 1 —c0s(26, ) +cos(26, +2/3,)
Bo
+ ey sin( 3, )coy
1,v
F2[251n(2@0)—251n(4ﬂ0+2@0)j
2 Po
", sin(26, ) -sin(20, +28,) ) |
’ +1—~1( 0 ﬂ 0 0 J
0

+20) ZS‘V (e,] cos(®, ) +e; sin(&, ))
1,v

And its corresponding eigenvalues is checked as following,
|J-241]=0 or A?-(A+D)}+AD-BC=0 (47)

From the Eqs. (46) and (47), the steady-state motion
is stable for the equilibrium solutions (a,,,8,), when
AD— BC > 0 and unstable when AD—BC <0.

5. RESULTS AND DISCUSSION
Here, the analytical and numerical results due to the
imbalance, asymmetry and spinning speed fluctuation on the



M. Tajik and A. Karami Mohammadi, AUT J. Mech Eng., 4(3) (2020) 363-380, DOI: 10.22060/ajme.2019.16362.5816

25 25
+ Stable(Present work) + Stable(Present work)
20 Unstable(Present work) 201 Unstable(Present work) He
_ * Stable(Shahgholi and Khadem) - * Stable(Shahgholi and Khadem) ++. ; x &k
< ~ Unstable(Shahgholi and Khadem) K ~ Unstable(Shahgholi and Khadem) R % &
T 15 5 15 .
el o 4 A XX
g2 2 + b3
= = ¥ x4
210 £ 10 o %
< < ;ﬁi g
5 M 5 M M
b 4+ ettt 4+ 4 b ool b oitetofadoto 4o o
4 -0.05 0.05 0. 81 -0.05 0 0.05 0.
o c
a) b)

Fig. 2. Comparison of frequency response curves of a straight symmetrical beam ( /'2=0) in present work (for S, = 0) and work of
Shahgholi and Khadem [45]. First mode and a) without the speed fluctuation ( /"1 = 0 ) and b) with the speed fluctuation (/"1 =0 ).

spinning pre-twisted beam with simply support boundary
conditions are investigated. Influences of the speed fluctuation,
damping ratio, eccentricity and mass moment of inertia about
the x-axis in the different twist angles, natural frequencies and
stability domains are investigated. As shown in the previous
section, all of the parameters are dimensionless. Here,
considered numerical values are, 1 =0.001, 1,=0.003275,
1,, =0.002878, values are, 1, =0.001 1,.=0.003275> I, =0.002878>
1=0.0005> ¢=0.01, e,=e; = 0.05.

The first validation for the obtained results is done by
equating s -0 into Egs. (40) and (41) so that the twisted
beam is converted to an untwisted beam with and without
the spinning speed fluctuation and its frequency responses in
the first mode are plotted in Figs. 2(a) and 2(b). Once again,
the corresponding curves are extracted from reference [45]
and both of the curves have been plotted in Figs. 2(a) and
2(b) with and without the speed fluctuation in first mode
and symmetrical cross section. Comparison of these curves
is showing a good correlation together. But, as shown in
Fig. 2(b) for the present work, since two obtained branches
are near together, it can be said that the influence of speed
fluctuation is negligible in the first mode. Consequently,
according to reference [45], it can be said that there is a single
peak and a jump occur.

Figs. 3 and 4 show frequency response curves of the
spinning asymmetrical twisted beam with and without the
spinning speed fluctuation for first two modes. Assuming that
the eccentricities are the same in two principle directions, i.e.
e, =e, =005, from the Eq. (35), it is observed that there are
three excitation sources in case of the asymmetrical beam with
speed fluctuation, one of which is due to the imbalance with
the excitation frequency 2 and second and third excitation
sources are due to the asymmetry and speed fluctuation of the
beam with the frequency 2.2 . These two excitation sources
are parametric excitations and the previous works shown
that in presence of the asymmetry and speed fluctuation in
straight beams, frequency response curves have two peaks
and are bent toward the right direction [40-45]. Hence the
nonlinearity effects are of hardening type. However, in present
work, it is shown when the beam is a twisted beam; trend
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of the frequency responses is similar to the straight beams.
Also, for some values o, there are five solutions which two
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Fig. 3. Frequency response curve of the asymmetrical pre-twisted
beam for first mode and different twist angles.
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solutions are unstable and three solutions are stable. There are
three solutions, for some values o , one of which is unstable
and the rest are stable. Finally, for some values o, there is a
single stable solution. Hence, it is clear that there are jump
phenomena and bifurcation points occur with and without
the speed fluctuation. In the reference [45] for straight beam
and the lower modes, in presence of the asymmetry and speed
fluctuation, it is reported that influence of the asymmetry is
dominant. However, for twisted beam, as shown in Figs. 3
and 4, although the effect of speed fluctuation is weak in the
lower modes, but with increasing the twist angle this effect
is amplified. For example, in S, =60", frequency response
curves with the speed fluctuation ( 771 0 ) approach to the
frequency response curves without the speed fluctuation (
I"'1=0). In other words, in lower modes, speed fluctuation
excitation source can help to pump energy to the system in
the larger twist angles while in smaller twist angles, generally,
asymmetry pumps energy to the system. Also, ascending
the mode number increases speed fluctuation -effects.

e « Stable(Analytical)
x Unstable(Analytical)
8 O Stable(Numerical)
~ 8- X x
<
= 6
3 120 .0 .
E S & x
a ri=0 . X x
4 —— %
g PR i
x XX X
X X x
5 ;35
0 — ——ﬁ
-0.1 -0.05 0 0.05 0.1 0.15
o
a) f=0
10
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o x Unstable(Analytical)
8 O Stable(Numerical)
< 6 o =
3 I'1=0 ° % X
2 x|
2—;_ D K e
g 4—Fk=0 x
< 5 x
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) .
\p"\' %X
2...-4.|.-:x'.'-'-'<9'. >
0 I
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Fig. 4. Frequency response curve of the asymmetrical pre-twisted
beam for second mode and different twist angles.
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Moreover, validating the analytical results obtained from
the perturbation method is done with the numerical results
obtained from the Runge-Kutta method. These results have
been depicted in Figs. 3 and 4 and are compatible together.
Figs. 5 and 6 give the curve of the amplitude versus the
damping ratio of the asymmetrical spinning pre-twisted beam
for the different twist angles, first two modes, in presence or
absence of the spinning speed fluctuation and the natural
frequency corresponding to o =0. As shown in first mode,
in the case of the asymmetrical pre-twisted beam (7720
) and in presence of the speed fluctuation (7710 ), there
is a single stable solution in all of the twisted angles while
in the absence of the speed fluctuation (771=0), there are
three solutions which two of them are stable and the other
is unstable. So, at the any twist angle with speed fluctuation
(I"1#0), bifurcation do not occur whereas in the absence
of speed fluctuation (/7°'1=0), bifurcation occurs. Also,
ascending the damping coefficient decreases stable amplitude
at the any twist angle with and without the speed fluctuation.
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Fig. 5. Curve of the amplitude-damping ratio of the
asymmetrical pre-twisted beam for different twist angles, first

mode, 5 —( andeﬂ =e, =0.05-
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Fig.6. Curve of the amplitude-damping ratio of the asymmetrical
pre-twisted beam for different twist angles, second mode, & =0
ande, =€; = 0.05,

More important result is that ascending the twist angle in the
asymmetrical twisted beam without the speed fluctuation is
caused bifurcation point or jump point (point ‘R’) occur in the
smaller damping ratio and bifurcation is gradually eliminate
and the system will have a single stable solution in over the
damping ratios. In presence of the speed fluctuation, the
conditions are similar to case without the speed fluctuation. In
this case, ascending the twist angle makes the gradient of the
amplitude versus damping ratio is more and stable oscillation
amplitude is quickly damped. In second mode and for both of
the cases (in presence and absence the speed fluctuation), there
are three solutions in smaller damping ratios and any twist
angle which two of them are stable and the other is unstable;
Hence there is bifurcation point (point ‘R’ in presence of
the speed fluctuation and point ‘Q’ in absence of the speed
fluctuation). As shown in Fig. 6, in presence and absence of
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Fig. 7. Curve of the amplitude-eccentricity of the asymmetrical
pre-twisted beam for different twist angles, first mode and

o=0.

the speed fluctuation, ascending the twist angle shifts these
bifurcation points toward the left direction and jump occur
in smaller damping ratios. Comparison of these curves in first
and second modes indicates that the speed fluctuation effect
is more in the second mode and ascending the twist angle
makes these curves near together in presence and absence of
the speed fluctuation. In the other words, speed fluctuation
effect is considerable by ascending the mode numbers and
twist angles.

Figs. 7(a-c) and 8(a-c) show the influences of twist angle (
f,) on the amplitude-eccentricity curve of the asymmetrical
twisted beam for first two modes and near the natural
frequency corresponding tooc=0 in presence (I'l#0)
and absence of the speed fluctuation (I'1=0). As seen, the
oscillation motion of the spinning twisted beam with and
without the speed fluctuation has three solutions which two of
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Fig. 8. Curve of the amplitude-eccentricity of the asymmetrical
pre-twisted beam for different twist angles, second mode and

o=0.

them are stable and the other is unstable. Consequently, jump
and bifurcation phenomena occur. Furthermore, as shown in
Figs. 7 and 8, in lower modes, speed fluctuation effect is weak
and descending the amplitude while asymmetrical effect is
dominant. But, in any

mode, ascending the twist angle amplifies speed
fluctuation effect so that curves with speed fluctuation are
approached to the curves without the speed fluctuation. This
fact is more considerable in larger modes.

Figs. 9 and 10 show influence of the moment of inertia
about the x-axis (1,, ) of the twisted beam on the frequency
response curves of asymmetrical beam in first mode and in
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Fig. 9. Influence of the moment of inertia about the x —axis on

the frequency response curve of the asymmetrical pre-twisted

beam without the speed fluctuation in first mode and different
twist angles.

presence and absence of the speed fluctuation and different
twist angles. As shown in Fig. 9, in absence of the speed
fluctuation (771=0), changes of I,, do not effect on the
frequency responses in any twist angle. But, when there is a
perturbation on the spinning speed (7710 ), ascending the
moment of inertia about the x-axis (1, ) increases amplitude
and amplifies the speed fluctuation effect (see Fig. 10).
However, in this case, it can be seen that ascending the twist
angle decreases amplitude of the frequency response and
influence of the ascendingl,, on the frequency responses.
Once again this means that the twist angle can be considered
as a damper.
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Fig. 10. Influence of the moment of inertia about the x -axis on

the frequency response curve of the asymmetrical pre-twisted

beam with the speed fluctuation in first mode and different twist
angles.

6. CONCLUSION

In this paper, nonlinear instability analysis of the twisted
beams with linear twist angle, large transverse deflections
and varying spinning speed near the primary and parametric
resonances has been. Spinning speed is not constant and the
slender twisted beam was modeled with Euler-Bernoulli
theory. The equations of motion obtained by Hamilton’s
principle and were discretized by applying the Galerkins
method. Then multiple scales method was applied on the
obtained ordinary differential equations and steady-state
analysis of system was done in transverse directions. The
accuracy and validation of the obtained results is investigated
by comparing the frequency response in first mode and the
case S, =0 with previous researches [45], (Fig. 2). Effects
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of variations on the amplitude, eccentricity, damping ratio
and mass moment of inertia about the x-axis respect to the
frequency of the twisted beams are investigated in different
pre-twisted angles with and without speed fluctuation, and
the stable and unstable zones are determined. Also, the
bifurcation diagrams are obtained as a function of control
parameters such as frequency, damping ratio and eccentricity
in some of the twist angles. Since frequency response curves
are bent to the right when spinning speed is constant or
variable, the nonlinearity effects are of hardening type and
geometrical nonlinearities are dominant in this system.
Furthermore, this study explains that the spinning speed
fluctuation effect is weak in lower modes and smaller twist
angles while asymmetry effect is dominant. By ascending the
mode number and twist angle, spinning speed fluctuation
effect amplifies the amplitude of system. Hence, it can be
said that spinning speed fluctuation effect is considerable in
twisted asymmetrical beams by ascending the mode number
and twist angles. Also, changing the mass moment of inertia
about the x-axis do not change the frequency response curves
of the slender beam in absence of the speed fluctuation
while in presence of the speed fluctuation, ascending the I,
increases amplitude in any twist angle. However, in any mode,
ascending the twist angle decreases ascending effect of the
I, in presence of the speed fluctuation. Finally, Runge-Kutta
numerical method is utilized to validate the obtained results
analytically and have a good correlation together.

NOMENCLATURE
A Cross-section of twisted beam, m?
External transverse Damping ratios
c,.C,
¢ Normalized external damping ratio
DD Torsional and bending stiffness in fixed frame,
& Vo
D N/m
nn
E Young’s modulus, Pa
e Longitudinal strain of centroidal line
Unit vectors of fixed frame
€,.€,.€,
eccentricity of the cross-section in the twisted
1€ frame, m
G shear modulus, GPa
h cross-section side, m
0
Moment of inertia and product of inertia in fixed
Loy, 1,01, frame, Kg/m?
Iee s Ipps Moment of inertia in twisted frame, Kg/m?
i
] Jacobian matrix
L Length of twisted beam, m
m Beam mass per unit length, Kg/m
n Mode number
t Time component, s
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¢ Normalized Time component
displacement components of centroidal line

u,v, ,w, of the twisted beam in fixed frame, m
displacement components of centroidal line

UV, W, of the twisted beam in twisted frame, m
displacement components of center of mass

Uge Vy We,  in fixed frame, m
Normalized displacement components

W of centroidal line of the twisted beam in

n twisted frame
XYz fixed frame
B pre-twist angle per unit length, rad
0

P very small bookkeeping parameter

o, Linear mode shape

L Lagrangian of motion

¥ Eigenvalue of Jacobian matrix

Q Spinning speed, rad/s

o Normalized spinning speed
linear forward and backward frequencies,

©f, @, rad/s
transformation matrix of fixed frame to

R frame

R’ Transpose matrix of R

o detuning parameter

Appendix A

Applying the solvability conditions on the Eq. (30) based
on the Eq. 31), G, ,(T,)» G,,(T)> G;,(T,) and G, (T,) are

following,

G,,=(11,, +o,11,,)ia; + 17, 0,
1-ceh 2— -
——— |4, + 41T, uA’A, +8ulT, A A A,
0

2 ioT,

/8115, (e, +ie, )2’ (A1)
(-1/20,m,,-1/81,,)
+ S 1— A
—irl| =/ |4+irz| —= '
Bo Bo
G = (7H1,V+ waZ,v )A; 7H4,wa
1-ce'” 2— -
iA, - 4ilT3 ,uA[ A, —8illy 1A A, A,
’ (A2)

2 ioT,

-1/80, (e5 —ie”)_Q &+

(—1 /2io. 0T, ,~1/8ill,, )+

_
ri = |l d
Bo

. - 2ioT,
_e M ) |Ae
Bo
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G,,=1/20, A, +1/211,  uAs4,

_ 1—¢'Po (A3)
2 4 €
+,  phA A A + 20 (—)w,4,
By
Gy, =1/2I1, A, -1/ 211, ,iuh; A,
_ ' 1—e'fo (A4)
1T, iuA A A, = 2in* 0 (———)w, A,
Bo
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