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ABSTRACT: This paper presents a new hierarchical robust algorithm to solve the position tracking Review History:

problem, in presence of exogenous disturbances and modeling uncertainties, of a quadrotor helicopter.  Received: 31 Dec. 2018

The suggested controller includes a nonlinear f7_ algorithm to track the reference trajectory in the outer ~ Revised: 7 Apr. 2019

loop and a nonlinear H, controller to stabilize the rotational movements in the inner loop. The resultant ~ Accepted: 5 May. 2019
controller consists of three important parts to regulate tracking errors for translational and rotational ~ Available Online: 11 May. 2019
motions, maintain robust performance confronting random disturbances and modeling uncertainties and
reject the sustained disturbances from the system to vanish the steady-state errors. Analytical study on  Keywords:
the stability of the cascade system is mentioned to verify the compatibility of two controllers considering
coupling terms. Numerical performance analysis is accomplished using Monte-Carlo simulation.
Statistical results obtained from 1000 simulations considering environmental disturbances and modeling
uncertainties depict less than 5 cm for position tracking error and less than 2 degrees for attitude tracking
error in steady state performance. The closed-loop performance of the controller is also compared with
two previous algorithms by determining two numerical indexes for state tracking performance and
control efforts, respectively. Simulation results of the suggested control algorithm depict a significant
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reduction in both indexes for a similar mission.

1- Introduction

Unmanned aerial vehicles, especially multirotors, have
attracted a great interest in the automatic control area in last
few decades due to their special advantages such as simple
structure, vertical take-off and landing, rapid maneuvering
and precise hovering. These vehicles have been used in tasks
such as search and rescue, building exploration and security,
and industrial inspections [1-3]. Although these vehicles
have a high capability in aerial missions, their stabilization
and control is challenging. The unstable and under-actuated
nature of these systems makes the controller design procedure
more complicated. Furthermore, quadrotors usually operate
in presence of environmental disturbances such as wind gusts.
Thus, quadrotors require not only a fast response hardware
system but also a high performance control algorithm capable
of confronting exogenous disturbing effects and uncertainties
[4,5].

Control system design for quadrotors, has been
highlighted in a number of papers and researchers have tried
to satisfy the specifications by utilizing various techniques.
In practice, especially in civil applications, low-cost
equipment has been used for hardware, therefore it is crucial
to compensate the consequent weaknesses by designing
a simple structure algorithm with low computational
burden for practical implementation. This controller has
to consider the nonlinearities of the system and guarantees
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the stability of the closed-loop system [6-8]. Another work
which presented a simple control algorithm to stabilize the
quadrotor platform was presented in reference [9]. It resulted
in a simple controller suitable for an embedded use when low
computational resources are available. Some researchers have
proposed a set of more complicated sensors to increase the
reliability of the localization and obstacle avoidance systems.
For instance, in reference [10] a Disturbance Observer Based
(DOB) design was proposed that estimated the disturbance
based on a dynamic model and a sensor suite including
ultrasonic range finder and InfraRed (IR) sensors. In this
work, the experimental results for robust controller based
on this observer represented a good performance in harsh
environments dangerous for the human to work. To handle
the model uncertainty and external disturbances, different
techniques have been used by researchers such as radial
basis function neural networks adopted in the attitude control
design and the backstepping technique [11-13]. A method
for robustness against both environmental disturbance and
parametric uncertainty was presented by Nicol et al. [14] using
Cerebellar Model Articulation Controller (CMAC) nonlinear
approximators for an experimental prototype quadrotor
helicopter. The method updates adaptive parameters, the
CMAC weights, as to achieve both adaptation and robustness
to unknown payloads and disturbances. In a similar work,
a robust-optimal control was proposed to compensate the
parameter uncertainty effects and disturbances in reference
[15]. In another work a robust-optimal framework was
suggested using neural network to solve the position tracking
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problem for a quadrotor helicopter [16].

In a different way, some researchers used linear and
nonlinear adaptive approaches to solve the attitude
stabilization and path following problem for aerial robots
[17-20]. Moreover, researchers have tried to apply nonlinear
methods to conftont the complex dynamic behavior of these
systems and improve the flying performance [21-23]. An
underactuated NonLinear H  (NL H ) controller based on
the six degrees of freedom dynamic model was designed by
Raffo et al. [24] to control the helicopter attitude and altitude
in the inner-loop. The outer-loop control was performed
using a Model-based Predictive Controller (MPC) to track
the reference trajectory. The robust performance achieved
by the proposed control strategy was checked by simulations
in presence of aerodynamic disturbances, unmodelled
dynamics, and parametric uncertainties but no theoretical
proof of stability was presented for the cascade structure.
Another work presented a method based on the block
control technique combined with the super twisting control
algorithm for trajectory tracking of a quadrotor helicopter
in 2011. The performance and effectiveness of the proposed
controller were tested in a simulation study taking into
account external disturbances [25]. In another approach, a
linear time-invariant controller consisting of a Proportional-
Derivative (PD) controller and a robust compensator was
used for robust attitude control of uncertain quadrotors. The
PD controller was designed for the nominal linear system to
achieve the desired tracking and the robust compensator was
added to limit the influence of uncertainties. The simplicity
of the final structure of control scheme made it applicable
for practical cases with a simple hardware [11, 26-27]. Liu
et al. [26] proposed a robust hierarchical controller including
an attitude controller and a position controller. The position
controller generated the desired reference of the pitch angle
based on the tracking error of the travel angle, while the
attitude controller achieved the reference tracking of the pitch
and elevation angles. It was proven that the tracking errors
of the three angles can converge to given neighborhoods
ultimately. In another study by Zhao et al. [28], the control
system was divided into two loops: the inner-loop for the
attitude control and the outer-loop for the position. The
sliding mode control technology was applied in the inner-loop
to compensate the unmatched nonlinear disturbances, and
the immersion and invariance approach was chosen for the
outer-loop to address the parametric uncertainties. Another
nonlinear adaptive-robust algorithm based on Invariance
and Immersion algorithm and nonlinear H_ framework
was presented in 2018 for robust trajectory tracking problem
[19]. Despite the acceptable performance of this scheme in
compensating random disturbances, this controller was not
able to remove the errors caused by sustained disturbances.
Also the nonlinear adaptive framework used for outer-loop
was sensitive to parametric uncertainties, and the estimation
and control performance was affected by this issue. Raffo
et al. [29] in 2010 presented an integral predictive and
nonlinear robust control strategy to solve the path following
problem for a quadrotor helicopter. The proposed control
structure was a hierarchical scheme consisting of a model
predictive controller to track the reference trajectory together
with a nonlinear / _ controller to stabilize the rotational
movements capable of rejecting the effects of deterministic
disturbances.
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The previous algorithms suggested to solve the trajectory
tracking problem have shown some drawbacks in practical
cases. In linear approaches the final structure for the
controller is simple enough for hardware implementation
but this simplicity might lead to increased tracking errors.
Applying nonlinear approaches can improve the tracking
performance but in many cases the closed-loop response
is sensitive to the model parameters and also the external
disturbances. Utilizing approaches such as MPC or neural
networks, conclude a complex framework which might
not be appropriate for hardware implementation. The
main contribution of this paper is to propose a new robust
and nonlinear algorithm which consists of a unified stable
control framework which has low computational burden
and is simple enough for hardware implementation to solve
the position tracking and attitude stabilization problem of a
quadcopter. Considering previous studies on various types
of algorithms and architectures utilized for this problem,
it can be concluded that a cascade structure can be used as
an appropriate architecture to regulate the position tracking
error and stabilize the attitude dynamics, simultaneously. In
this architecture, the outer-loop renders the position tracking
problem, which uses the nonlinear /  algorithm to estimate
the position tracking error vector and compensate for it
simultaneously. The inner-loop controller must be capable of
stabilizing the attitude dynamics and rejecting both stochastic
and deterministic disturbances. A suitable candidate to justify
these requirements is the nonlinear A _ control method,
which is combined with an integral action to regulate the
steady state errors due to sustained disturbances.

After the presentation of analytical procedure for
designing the suggested position tracking control framework,
it is necessary to show the effectiveness and the acceptable
performance of the proposed algorithm. To achieve this,
a Monte-Carlo simulation process is proposed based on
a detailed simulation environment to evaluate the robust
performance of the closed-loop system, numerically. In
this procedure, parametric uncertainties and two types of
disturbances in 1000 simulations are considered. Accordingly,
this procedure would be able to depict the average performance
of the system as well as the bounds for the worst situation.
Although there exist cascade controllers that use nonlinear
and robust frameworks for position tracking, but they have
not mentioned any proof for stability of the cascade system.
In this paper, the proof of stability for cascade structure
combining two nonlinear H _ is presented based on existing
theories for stability analysis of the cascade controllers [30].

The remainder of the paper is organized as follows: in
Section 2, an explanation of the dynamic model is given.
In Section 3, the development of nonlinear H_ for the
translational movements is presented. The nonlinear H
controller for the rotational subsystem is presented in
Section 4. The stability of the integrated inner and outer-
loop controller is proven in Section 5. Simulation results are
presented in Section 6. Finally, Section 7 concludes the paper.

2- Dynamic Modeling

In this paper, two reference frames are used to describe
the position and attitude of the platform. The first one is
the inertial frame defined as Z , and the second one is the
body fixed frame described as I3 . The center of B3 frame is
attached to the center of mass of the platform and the position
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vector of this point with respect to Z frame is defined as
& ()= [xz(t) v (t) z(t)]eR’. Theattitude vector with
respectto 7 isdefinedas 5" (¢)=[4(¢) 6(t) w(t)]eR’
. According to these definitions, the dynamic behavior of the
quadrotor can be described by Egs. (1) and (2) as follows:

mé+K§§+mG=F(t)+d§ M

J(m)n+C, (nn)n=r1+d, ?)

where, m represents the mass of the platform, J (77)
denotes the inertial tensor defined in the inertial frame,
K . is the matrix of aerodynamic drag coefficients and
belong to R™ C,, (n,7) denotes the matrix of coefficients
related to attitude vector and rotational speed needed for
computing the Coriolis effect and belongs to R . The force
vector in the inertial frame is symbolized as F (t) and the
control torque described in inertial frame is denoted by 7
. Transformation matrix from body to the inertial frame is
denoted by R, (77) The gravity acceleration vector in the
inertial frame is represented by G . The effects of external
disturbances and modelling uncertainties are defined by
d. and d for translational and rotational dynamics. It is
also assumed that these terms belong to L, (0,00). These
equations are mainly taken from references [6,28] and
the interested reader is referred to them. In this paper, the
parameters of three matrices J (77),K e K, and the mass
m , are assumed to be uncertain but the variation boundaries
are known. In a quadrotor configuration, the actuator system
includes four independent rotors. Accordingly, the system
is naturally underactuated and to control the platform
completely, two states are used as virtual control inputs to
control the other states. It means that the cascaded structure is
chosen for handling the rotational and translational dynamics
simultaneously. In this case, roll and pitch angles are selected
as virtual control signals to regulate the tracking error of the
horizontal components of position vectors X (¢ % and y (t )
. Therefore, it is necessary to introduce a relative equation
that can relate the desired value of attitude vector to the
control force obtained from outer-loop controller utilized for
regulating the position tracking error. The effects of actuator
system can be described by Eq. (3) as follows:

u=f+hL+6+1

t.=l(~fi-fi+ fi+ 1) 3)
o, =l(-fi+ i+ 1fi—13)

r.=c(~f+fifit 12)

where, f ; 1s the force generated by the i component
of the actuator system. Two parameters / and ¢ are the
moment arm and yaw moment factor which convert the force
to moment vector. Therefore, F(t) in Eq. (1) is defined as
follows.

F(t)=R (n) 0 @)

u,

It can be assumed that F(t) includes three independent

components described as fT (t) =[f, (t) f, (t) 1. (, P].
Therefore, the relation between these components and euler
angles can be written as follows.

f.(¢)=u, (cosgsinBcos y +singsiny )
£, () =u, (cosgsinGsiny —singcos ) (5)
/. (t)=u,cosgcosd

According to Eq. (5), if three components of the force
vector are estimated from position controller loop, the desired
values of roll and pitch angles can be determined accordingly.
The explicit relation used to determine the desired value of
roll and pitch angles is introduced in the following equation
where, S(// = sinw and Cl// =cosy -

u, =LA L L)

sin(¢,) = £ (0)8ya =1, (1) v (6)

ut
£ () Cya+ £, () Sy
£.()

The controller design procedure for the system is divided
into three steps according to a cascade architecture as follows:

1. Design the outer-loop controller for the path following
problem assuming three independent control force
components, and determine the desired value of the attitude
vector.

2. Design the inner-loop controller to stabilize the attitude
subsystem and track the desired value coming from the outer
loop.

3. Prove the stability and boundedness of the cascade
system considering the coupling terms between the inner and
outer loops.

The remaining parts of this paper are organized to illustrate
the above steps in more details.

tan(6,) =

3- Outer-Loop Contoller

In this section, the design procedure for the outer-loop
controller is presented. Nonlinear A _ scheme is suggested
as an appropriate framework to design a robust controller
able to compensate both external disturbances and modeling
uncertainties. Hence, it is necessary to modify the translational
motion dynamic equation into a proper form consistent with
NL H  framework. The error signal presenting the difference
between system states and desired values is defined as
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§—¢
€: = §—S,
I (g_gd)

e R (7)

where, &, €R’ represents the desired path in three-
dimensional space and &, € R? is the corresponding velocity
vector. According to Eq. (1), the following expression is
suggested as the control effort applied to the system.

f. :mé+K§§+mG

-1 . -1
T (mTe,+K Te.)+T g

®)

This control scheme is composed of three segments. The
first part corresponds to the left side of Eq. (1). The second
part consists of two terms for regulating the error signal, and
the third part is considered for disturbance attenuation and
robustness against parameter uncertainty. In Eq. (8), 7', is
defined as T, =[T,., T,. T,.]eR™ composed of three
3x 3 matrices. Using Eq. f8) as control force, and substituting
it into Eq. (1), the position tracking error dynamics will be
obtained from the following equation.

mlee, +K T.e.=q+Td, ©)

A more explicit form of Eq. (9) can be written as follows:

K
—= 0 0
m
e=T}|T;  I-T.T,, -I-T](T,~T.)|Te: (10)
0 I -1
T1§ T2§ T3§
whereT(, =10 I [ e R, and w =T1§d§€R3-
0 0 1

Therefore, the error dynamics in Eq. (3) obtains a general
form suitable for NL H  design [31] as follows.

ég:ﬁ*(e:)+g§(e§)‘I+k§(e§)W (11)
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Comparing Egs. (10) and (11), the system matrices will be
defined as follows in Egs. (12) and (13).

K 0
m
fele)=td| B 11T 1T (1T e (12)
0 1 -1
L
m
ge(e)=k.(e.)=T;/|0 (13)
0

If the performance index is defined as ¢, =W, B”t} ,

where W, € R"™? is a weight matrix, then the NL H _, can
be stated as follows:

“Find the smallest value 7/* >0 such that for any y > ;/*
there exists a state feedback g =¢ (e ,12 , such that the /,
gain fromw to { c is less than or equal to y, that is:”

T T
[ NGB de <y lw g di 19

The internal term of integral expression of the performance
index can be rewritten as Eq. (15):

e
2 [ r T T 9
||é/§ ||2_|:e§ q }W‘f W§|: } (15)
q
Since w Tw ., is symmetric and positive definite, it can be
decomposed into 3 basic weight matrices as follows:

O, S;
Wéerz{Sé{ R, (16)

where, Q§ and R, are two symmetric and positive definite
matrices andQ, -S éR;'S ; >0. To solve this problem, it
is necessary to define a Lyapunov function y_(e¢,) which
satisfies the Hamilton Jacobi Bellman (HJB) equation stated
in the following [31].
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187V, (1 ; i
+26@5()/2kg*(ea’)k;(95’[)‘1‘5:(@5”)&1&5(eé’t)]6e5 n

¢

=g (1) RSl +%e§ (0. ~S.R.'S!)e, =0

¢ TeTe g e

Theorem 1: 1
SupposeaLyapunov function?’, (eg,t) = EegToT;vg (e§ )Toéeé

where, V (6 5) is a symmetric and positive definite matrix
with the following structure:

ml 0 0
(er)=|0 % XY 13
0 KXo Z+Y,

where, X YeZ.e R>3 are three symmetric and positive
definite matrices and Z,-X ¥, X,+2X,>0. Using the
proposed Lyapunov function, the HIB equation in Eq. (17) is
constituted if the following holds.

0 Y

f X

4
T
ITK.T 4| Y, 24X, Z.+2X, |+0.
X, Z.+2X. 0 as)

1 ;
+77;T7;—(S§+7;)TR;(S§+7;)=0

Proof:

To demonstrate the validity of Theorem 1, it is necessary
to expand the HIB equation. From Egs. (11) and (12), the
Egs. (20) to (24) can be concluded as follows.

ml 0 0
%:TT 0 Y. X.-Y. |T e 20
e o0& ¢ e e |Logs (20)
: 0 X.-Y, Z.+Y;

Hence, the second term of the HJB is derived to be as Eq.
(21):

oy,
$ _
aeg f‘f(ef’t)_
K, 0
LT THY, X, -TV.T,
705 | T1E TS é 1& 76728

E?(Xi_yi) X +Z.-T; (Xé_Yé)Tzrs 2n

0

_<X§ +TY (T _Tzs)) Tce:

—(X§ +Z.+T (X -Y.)(T, _Tﬁ))

After multiplying the inner matrices and simplifying the
results, Eq. (21) can be written as follows:

v
—gf (e t):
de s\e
¢
-TIK T TTK
e 18 5T25
T T T
e —T25K5T15+Y5 —T25K5T25+X5
ToK T +X, TLKT,.+2X.+Z, (22)
—TIS{KgT%
_T22K§T35 €
_T32K5T3§

Eq. (22) can be divided into two parts; the first one is
composed ofonly x ¥ ., 7. and the second one is a quadratic

term based on matrix Zi’. éq. (23) shows this expression as

follows.
e 0 o0 0
¢ _
fé(ef’t)_eér X 0|-T/K.T le; (23)

6@5
X, 2X.+Z. 0

Since the term is a scalar and it equals to its transpose, Eq.
(23) can be written as follows.

av,
—=f.le.t)=
ae§f§(<f )
0 Yg Xg (24)
T T 1
e _T§K5T§+EY§ 2X§ 2X§+Z§ e
X, 2.+Z, 0
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The next two terms of HJB equation are evolved in Eq.
(25).

10V.(1 B oV
g(_zkskg_ngflggJ =

58e§ 4 865
l TTT L I_ 2R—1 T
5 Cete 2( 4 5) £ (25)
V4
o,
S 1ol , _ Tl p-1oT
e g:R. S;e;=¢;1: R, S:e;
3

After substituting Eqs. (24) and (25) into HJB equation
and simplifying it, the following expression will be obtained.

0 ¥, X,
T T
e |2, KT.+\Y, 2X, Z.+2X,
X, Z,+2X. 0 (26)

+0. +y12TgT (ST 47,) R(S! +T§)]+e§ =0

Therefore, if Eq. (19) is justified, the HIB equation will be
satisfied using the proposed Lyapunov function. Accordingly,
the optimal state feedback control law can be derived from
Eq. (27) as follows:

o,

“__p- ¢

g =—R.'|S:e.+g; @7
de,

the other hand, three matrices 7',;,7,,T;; used in Eq. (8)
must be calculated to be used in the control law. To do this,
it is necessary to solve Eq. (19) based on these matrices. The
following shows an expanded expression of Eq. (19).

T T T
TIT.T, TITT, TITT,

T T T
T,.TT, T.UT, T).T.T,
T T T
T3§F§T1§ T3§F§T2§ T3ér§T3cf
Q15 Q12§ Q13§
+ O O O (28)
_Q13§ szg Q13§
B -1QT -1oT -1oT
SRS, S.R;'S;. SRS
T 1T -1QT
~|S,.R;'SL S,.R.'S]. S,.R.'S;.
1T 1T -1gT
_S3§Ré S1§ S3§R§ SZé S3§R¢ SSé
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S R:T,, S..R;T,., S.R.T;,
- Szg’Rcf_lThf Szg’Rr:_]Tzz: Sze:R:_lTai

Sy R:Ty: Sy R Ty Sy R T |
TLR'S!, TLR;'S). TIR;'SI]|
—|T,.R:'S|. T,.R;'S;. T,.R.'S;. (28)
73RSt TocR:Sy ToR:Ss |

0 Y, X,
+HY, 2X, 2X . +Z,|=0

X, 2X,+Z, 0

~ 1 _
where, A; = 2K, +71 —R;". According to Eq. (28),
T 1£ i 2¢ v 3¢ can be calculated by solving at least 4 Riccati

equations as presented in the following procedure:
1. Calculate T, £ and T, P based on Eq. (29):

TiL.T. +Q, SRS, = S,.R'T,. T RS, =0

e e e O e e e
(29)
T -1 T -1 T p-1oT _
LT+ 0y =83 Re Sy = S3 R T =T R, S5 =0
2. Calculate X P using Eq. (30):
X.=-T'T'T,.-0,.+S.R.'S!
4 16+ &7 3¢ 138 &7 M3¢8 (30)
- T p-1¢oT
+S R T +T RS,
3. Calculate T,; using Eq. (31):
T -1oT
T2§F¢T2§+Q2§+2X§—SZ§R§ 2 o
-1 T p-loT _
—S2§R§T2§—T2§R§ 25—0

Using matrices T1zT2¢ and T; derived from above procedure
and Eq. (27), the control law can be obtained as Eq. (32).

g =—R;' (S +T;)e; (32)

Hence, the optimal control forcef’ C* which guarantees the
position tracking performance in the presence of external
disturbances and parameter uncertainties can be written as
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fr=mé,+K.E+mG-

- . - .
T.'T: +;71¢1K571§ +T;'R;’ (Sé + 715)
(33)

1
—1 —1 -1 p-1 T
m| T, Ty, +Z];§ K. +T, R, (S% +Tz.f) e;

1. e
;TlélKéTx +T/'R;' (SST§ +Ts§)

Therefore, the control law can be stated in a Project
Initiation Documentation (PID") framework as Eq. (34):

[ =mé+ K E+mG
(34)

m(Kp (6=6)+ KT (§-6)di+ Ky (6-6))

where, K., K. and K. can be evaluated by comparing
Egs. (34) and (33) as mentioned in Eq. (35).

a 1. i
K, =TT, +;T151K¢Tzé +1/ R (SlTé +Tz:)
1 o
K,i=;TI§1K§]§§+E§1R§1(S£:+]3§) (35)
. 1. . il
K, =T, T,; +;T1§1K5T1§ +1/ R (Sé +T15)

For more simplicity the following assumptions were made
for weight matrices:

Ql.»; = a)1251§Q2§ = a)22§]§Q3.»; = (03251
Q12§ =Q13§ =Q23§ =0
Sl§ :Szé =S3§ =0

2
Ré—rgl

Therefore, the expression for controller gains reduce to the
following form:

2
,/a)2§ +20,.0,; Y

2
mr; @, wlé

(O3 + 20,0
LN W, e

ma,,

-

K

Pe
(36)

4

1 Proportional-Integral-Derivative

w w
K,=—F—T+—K,
mr: @, mao,
(36)
1 1/(0225 + 2.0, 1
Kp:= >+ I+—K,
mr; oy m

where, the parameters @, Wy, Wy and re, are scalar
parameters and can be used for controller tunning. It must
be mentioned that the final expression for the control law
depends only on general parameters of the system, e.g., mass
and speed. In addition, it does not depend on ¥, and has an
algebraic form for this special case.

4- Inner-Loop Controller

The design procedure for the inner-loop controller based
on nonlinear A _ is presented in this section. According to
previous sections the rotational dynamic motion is affected
by two sources of torque. Therefore, the net torque acting on
the system can be introduced by the Eq. (37)

T,=1,+d, (37)

where, 7, is the control torque acting on the system and
d . is the disturbance torque composed of both random and
stationary components. State equation for determining the
control law is defined as Eq. (38).

n=n,

e, =\n-n, (38)
[ (n-n,)dt

From the nonlinear rotational dynamics, the torque acting
on the system can be derived from the control law according
to Eq. (39) .

~

z,=J(m)n+C, (n.n)n

(39)
_TI; (J(U)Een +C, (77,77)7:7677 ) +7}r7u

Therefore, this control law can be divided in three parts:
* First part is directly used for compensating the nonlinear
dynamics,
 Second part is the regulator to decrease the error vector e
and track the desired value when no disturbance influences
the system,
* Third part consisting the term # is considered as an extra
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control effort to compensate the disturbances affecting the
system.
The matrix 7 appeared in the above equation can be
written as T’ =[T, T, T, ]. If this proposed control
. n 1n 27 3. . .
scheme is used to track the desired attitude, the dynamic
equation describing the rotational motion will be summarized
as follows.

J(n)Te,+C,(m.n)Te, =u+d, (40)

where, d, =J ()T, J "' (n)d,. In fact this equation
represents the error dynamics and based on this equation the
nonlinear H  controller design can be introduced as follows:

“Determining the control law u (¢ ) which can reduce the
[, gain from the cost function £ to the disturbance signal
energy less than a defined value y . The cost function ¢ ) is
introduced as equation™:

u

e
¢, =er ”T]WnTWn{ "} @1)

and the term W "W _ which is a symmetric and positive
) . .
definite matrix, can be written as Eq. (42).

Q'? Sf?
ST R

-1
w,w, =[ }Qn ~S,R'S,20,R>0 (42)

n

If the error dynamics is rearranged in the following form:

= (e t) s (ept)d, o

then, a norm solution can be found satisfying Eq. (44).

ov. oV
atﬂ_'_ ae; U(eﬂ’t)
—6T z (e t)R;lSTe +leT(Q -S R
aeﬂ gﬂ n’ nn 2 n n no
| aTV | (44)
E ae: 7]( (en,t)k;(e”,t)
oV
—gn(eﬂ,t)R,;lgg(e t)) a—e” =0
n
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For every y > {O-m ( R")hz 0, where ¢, indicates the
maximum singula value, "the optimal control law can be

expressed as Eq. (45).

u = —R,;l S,]Te,7 +g; (eﬂ,t)—al/;]a(:"’t)

n

(45)

Theorem 2:
Suppose a Lyapunov function

v, (eﬂ,t)zée;TTv (e,])T e where, V(e”) isa

01" n 07-n

symmetric and positive definite matrix with the following
structure:

J(n) 0 0
Vﬂ(e’i): 0 Y, X, -1, (46)

0 Xn_Yn Zn+Yf7

where, XY .Z eR* are three symmetric and positive
definite matrices and Z,-X )Y X +2X >0 This
Lyapunov function constitutes the HIB equation in Eq. (44)
if the expression Eq. (47) holds.

0 7 X,
T
2T K, T +Y, 2X, Z,+2X, [+0,

X, Z,+2X, 0 @)

TS AT R (5], =0

Proof:
The proof of this theorem can be found in reference [19].
According to reference [24] and making simplifying
assumptions similar to previous section, the control law for
the rotational subsystem can be described by Egs. (48) to
(53).

u'==R'(S]+T,)e, (48)

Putting these elements into the original structure of the
control law presented in Eq. (39), the overall control statement
can be written as Eq. (49).
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R}

O :J(Ud)nd+cm (ﬂdaﬂd)ﬂ

Kl,n]e,7

For convenience, the structure of the matrices O, , R, and
§, were chosen as follows.

(49)
-J (77d )I:K

o, 0 0
0,=|0 @I 0 |
0 0 2T
@3 (50)
0
2
R,=r1,5, =0
0

As a result, the gain matrices can be calculated from the
Egs. (51) to (53).

2
X _ 0y B ,/a)z,] +2a)1,]a)2,7 ;

Py
a)ln a)ln
(1)
. |
+J Cm +—2]
v
n
Joi, +20, @
KDU _ 2n In~"2n I+J—l Cm+i21 (52)
60177 r’?
27] 1
K,=—2J"C,+5I (53)
60177 r’]

Although a threshold y was defined in the control design
and appeared in the first expressions of the control law, it
can be seen that the final expression for the gain matrices is
independent from this parameter and therefore it can be used
as a general expression for compensating the disturbance
effects.

5- Stability Analysis

In the previous sections, two control algorithms were
developed for position tracking and attitude stabilization
based on Egs. (1) and (2). In dynamic modeling, it was
mentioned that the position tracking subsystem uses three

independent force components to regulate the tracking error
signal. Although there exists an explicit relation between
three force components and euler angles based on Eq. (6), but
the attitude tracking stability can not guarantee the stability of
the overall cascade system solely. In fact, the error dynamic
models for inner and outer loops have a coupling term
which affects the stability of the cascade system. To analyze
the stability behavior Eq. (54) is used which considers the
coupling terms between two subsystems.

where, f,.f,.g..8,.k. and k, = have the same
definitions as stated m Sectlons 3and 4. A, is the coupling
term between inner and outer loop and is equal to

1
m
Af :7:)_51 0 Y;LffA (55)
0
where, fi =R, (77)F (t)— f. and can be obtained from
Eq. (56).
fo=

(CosoCy +S¢Sy)-(C4,S0,Cy, +S4,Sv,)
u,| (CoSOSy -SgCy)-(C4,SO,Sw, -S4,Cw,)
(C4CO)-(C4,CY,)

(56)

Following lemmas are introduced to analyze the stability
of cascade NL H | system for Eq. (54) based on [28, 30-31].

Lemma 1

If there exists a proper solution ¥ 20 for HIB equation
and the system X =f (x ) in Eq. (57) is zero state observable,
Then V (x)>0 for x #x,, and the closed-loop system
defined by Eq. (57) is Globally Asymptotically Stable (GAS).

x:f(x)+g(x)u+k(x)d,
y=h(x),f(xo):0,h(xo)=0

oV
T R
g — ()

(57)

u=-—
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Lemma 2

The system ¢, = f (e e, ,d) is Input-to-State Stable (ISS)
if and only if tflere exists a’ C! positive definite radially
unbounded function p ( ;) such that:

lles 12 & (lle; 1) =
v (e.) -
a(e"“)f (ecre,od ) <=5 (lle, 1]
€

(58)

where, &, and X, are two class KC functions.

Lemma 3

If the system €, f( e..e, d) is ISS, then if e, =0 is
a GAS equilibrium point for ¢, =f (e, ), and there exists
a C' partial state feedback control us_k (e ) such that
the equilibrium point e,=0 of ¢, = fz( ]) 18" GAS, then
the feedback u =k e, " achieves GAS of the equilibrium
( e..e ) (0,0) of the cascade Eq. (54)

Usmg the above lemmas, the problem is reduced to prove
the following theorem to_ensure that the cascade system
controlled by ¢ and u#  guarantees the stability of the
system.

Theorem 3:

Given the system in Eq. (54), the control laws q from Eq.
(32)and # from Eq. (48) guarantee the asymptotic stability
of the equilibrium point (e,,e =(0,0), if all conditions
presented in lemma 2 hold.

Proof:

According to Egs. (54) to (56) for the coupling term, the
following relation can be written:

1
1811 = 11 (0m.e. )| (59)

where, én=n-n, and H(é‘ry,eé&) is defined in Eq.
(66).

H(eg,&]):

[1(t) hy(t) hy(t) 0 0 0 0 0 O]

h(1)=(CgSECy +SgSy)
~(C4,86,Cy, +S4,Sw,) (60)

hy(t)=(C#SOSy —-S¢Cy)
_(C¢dS 0,8y, -S¢,Cy, )

hy (1) = C4CO-Cg,CH,

On the other hand, |u | can be obtained from Eq. (61) as
follows:

. SR B
[ S = m |I§d+;K§§+G—[KD§ K, 61)

According to NLH _ problem definition, if w € £, (0,0)
» then for any limited initial state vector, the values of f,
and e; remain in £, (0 oo) and relations through Eq. (62)

are satisfied.

. o .
Il §d+iK§§”S”§d I+ =K Sl< e,
m m

-
u,Sm[II§d+m§||+g+||[KD¢ Koy K,5:|e§||j (62)

Ku:]eé I

<m(l§+g)+||[KD§ K,

. | '
where,]é =&, +||*K¢§|LG-H

= max (Il K e Il K o LK I}
obtained.

then Eq. (63) is

I[Kp: Koo KiplelI<E lle |l 63)

Hence, |u . | establishes the following inequalities.

21 ] > M
e i el I (g+l§)
| < (64)

. m
2m (g +l§)lf lle. ||Sm

In addition, based on reference [28], the following relations
are satisfied for /(¢ ),4,(¢) and h,(¢).

I <& (08" +50 +5y”)
by <&, (54 +66° + 5y (65)
1 <¢,(6p +00°)

where, ¢ ,¢, and ¢, are three positive constants.
Accordingly || H# (6555,7) || is satisfied in Eq. (66).
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3
IH (e..0n)|l =[h?+h}+h; s«/Ze: 1on1l (66)
i=l

: +1, .. .
Now, assuming C, = M > 0, the following inequality
is also satisfied. L,

2,

3
> Nsnllle 1l 67)

i=1

llesll 2C, =A1A, |l

Defining Vv, (e,7 ) = %e;en , and differentiating it with

respect to time, and using the error dynamics, we have

f(ef’ )=
el (<R +R,[Kp: Kpo K ])e, (68)

1 T T
+Ee§de§ +e A,

0 0 O 1
where, R, =/ 0 O|and R, =
0 7 O 0

it can be written that:

0 |. Accordingly,

e ll-Re;

oV, »
oo, T leser) <1

+R, |:KD§ P 1§:|e§ | (69)

1
+;|Id;IIII65II+K(II5f7II) lle; II* for lle; I C,

Hence,

v, ~
f(ese,)<—lle. ||
de, g

1
X(”eg + el _T”dg ILlle: = (ll6n 1) lle. Ilj
(70)

1
[“65 +1, le; II—TIId; Llle; lI=x(llonll)lle, IIJ
1

1
—((ch)—Cud;m—x(nénn )jue.fnz
1
Since, ||6n7]|, and ||d, ||, are both bounded, if /, is

chosen large enough, then

1
x, (ef)=[1+lc—mclnd¢ m_x(”m)J“Q P

is a class KC function. On the other hand,
X (||e§ ||) =JC lle. |l isaclass K function which satisfies
the inequality C, <X (lle.ll)<lle,ll. Using (lle 1) and
X, (lle; Il) Eq. (72) yields:

: oV, ~
lle; > X (e,i )= P Lf (eg,eﬂ)s

¢

~X,(e;) (2

which means ¢, = f e..e, is ISS accordmg to lemma 2.

On the other hand, baséd on lemma 1 and using v (e 5) and
V,(e,) defined in Sections 3 and 4, it can be concluded that
é, —f§+g§q +kw and €, =/, +gu “+k,d are both GAS at
e;=0 and e, =0. Therefore all condltlons stated through
lemma 1, 2 and 3 are established and Theorem 3 is proved.
Accordingly, the asymptotic stability of the equilibrium point
( e..e U) (0 0) for the cascade system is guaranteed by using
g and u obtained in Eqs. (36) and (54) as control laws for
outer and inner loops.

6- Simulation Results

In this section, simulation results are presented to show
the effectiveness of the algorithm discussed in the previous
sections. To implement the algorithm, data presented in
Table 1 are utilized. Nominal values for dynamic simulation
parameters are taken from reference [29].

To implement the control algorithm a block diagram is
used as shown in Fig. 1.

The defined mission for the simulation consists of three
parts:

A curved path in the horizontal plane and a smooth climb
phase.

A translataion along a semi rectangular path in the
horizontal plane and maintaining the altitude,

Vertical descent to the base altitude without any translation
in horizontal plane.

On the other hand, random forces and moments acting
on the system were assumed as environmental zero-mean
disturbances. Another type of perturbation acting on the
system, is a sustained disturbance modeled as a step function
with random acting moment and applied on each force and
moment components, independently. The measurement
vectors included a noise assumed to be zero-mean and
Gaussian.

Monte-Carlo simulations were accomplished by repeating
the above scenario 1000 times and evaluating the mean
behavior and the standard deviations for flight parameters
and performance indexes. To show a more explicit view of the
system performance, two numerical indexes were introduced.
The Integral Square Error (ISE) and the Integral of the
Absolute value of the control Derivative (IADU) [29] indexes
were obtained for states and control signals, respectively.

Fig. 2, shows the position tracking error and its variation
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Fig. 2. Position tracking for defined mission
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Table 1. Simulation and controller data

Parameter Value
General Parameters
Weight 726 N
Weight uncertainty 50%
I o 4e-3 kgm*®
)i w 4e-3 kg.m*
I - 8e-3 kg.m*
I W 4e-4 kgm’
Inertia uncertainty 50%
So (m) [0 05 03]
o e 0 0 05
K, [0.0l 0.01 0.01]
K ¢ uncertainty 50%
K, [0.01 0.01 0.0l]
K,7 uncertainty 50%

Inner-loop controller parameters

7, 1.5
, 0.1
w,, 5
wy, 15

Outer-loop controller parameters

¥ 1
@, 1.2
W, 5
@, 2

bounds. It can be seen that the state error vector converges to
zero asymptotically. Accordingly, the system has an excellent
robustness against uncertainty and external deterministic
disturbances.

Fig. 3, shows the three-dimensional view of the simulation
results for the defined mission. As shown, the difference
between mean conditions for the position vector and its
estimation was found to be insignificant.

The performance of the attitude stabilization and robustness
against parameter uncertainty and external disturbances is
depicted in Fig. 4. It can be seen that the cascade system
has an appropriate tracking performance in the presence of

model uncertainty and disturbance attenuation. Utilizing
integral actions in both inner and outer loops causes the full
elimination of the force and moment disturbances arisen from
unexpected conditions, as shown in Figs. 3 and 4.

Statistical results of ISE index for position tracking errors
are depicted as a box-plot presented in Fig. 5. According to
this figure, the tracking performance in horizontal plane was
obtained to be more accurate, and the altitude control more
sensitive to disturbances acting on the system.

The ISE index for the error signals in Euler angles is
depicted in Fig. 6. Based on these results, the proposed
algorithm shows an acceptable performance in stabilizing the
attitude dynamics in a general mission.

Moreover, for statistical analysis on control efforts in this
mission, the IADU index is shown for the net force and three
components of torque vector in Fig. 7.

As mentioned earlier, for a quantitative comparison, ISE
index was obtained for state tracking performance. Table 2
demonstrates the comparison of ISE index for the suggested
cascade system and two previous algorithms based on MPC
plus NL / _, and Backstepping methods. As depicted in this
Table, ISE index has decreased for all states, which means
an acceptable tracking performance in similar conditions
compared to other algorithms.

The values of IADU index are also compared in Table
3 for cascade NL/  implementation and two previous
methods simulated in reference [19]. As listed in this Table,
the values attained for this index were found to be less than
other algorithms.

Considering the discussed results and quantitative
comparisons made based on ISE and IADU indexes, it
can be concluded that the proposed scheme for controller
design has an acceptable robust performance in the presence
of parameter uncertainties, exogenous disturbances and
measurements noise. Moreover, the stability of the system
examined by simulations is consistent with the analytical
stability establishment in Section 5.

7- Conclusions

In this paper, a cascade NL [/ scheme was suggested for
position tracking problem consisting inner-loop and outer-
loop controllers to stabilize the rotational motion and track
the desired flight path, respectively. To achieve a reliable and
appropriate performance in position tracking,aNL H _ control
algorithm was developed for compensating the parametric
uncertainties especially in inertial parameters and rejecting
exogenous disturbances. For the inner-loop controller,
another nonlinear A _ algorithm was implemented based
on reference [19] together with an integral action to decrease
the steady state errors in presence of sustained disturbances
and improve the tracking results. The proof of stability was
accomplished using existing theorem for cascade systems
and examined numerically by Monte-Carlo simulations. For
this reason, 1000 simulations were performed and for each of
them a set of model parameters was sampled due to variation
bounds assuming a uniform distribution. In addition, other
stochastic parts of the simulation such as measurements noise,
atmospheric random disturbances and random action time
for sustained disturbances were changed in each simulation.
Simulation results for flight parameters were depicted by the
mean behavior and the upper and lower bounds with respect
to standard deviation index. To show more explicit results
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Fig. 3. 3D thrajectory for defined mission
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Fig. 4. Euler angles for the first scenario
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Fig. 7. Control torques acting on the system in the second path following scenario

Table 2. Mean-ISE index performance comparison

States Cascade NL H » | MPC+NL H o Backstepping
X 3.14 18.28 26.14
y 3.1 16.44 22.06
z 8.28 11.29 19.020
¢ 0.15 4.63 19.43
0 0.14 4.78 8.063
"4 1.108 4.62 5.22

on tracking errors and control efforts, two ISE and IADU
indexes were used. The box plots were used to show the mean
and variation bounds for these indexes in the predefined
mission. According to these results and comparing them with
other methods, it can be seen that the error compensation
performance was comparable with algorithms presented by
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reference [19, 28]. Further investigations should involve the
practical implementation on a real quadrotor. Because of
the convenient architecture of the proposed controller and
straightforward calculations in control laws for both inner
and outer loops, all standard robotic control boards like
Raspberry Pi can be nominated for hardware implementation.
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Table 3. Mean-IADU index performance comparison

Control Signal | Cascade NL H w | MPC+NL H o Backstepping
Ut 242 17.6692 20.8502
T, 8.14 63.955 199.97
T, 8.13 65.417 220.38
T, 5.51 18.714 43.1515
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