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ABSTRACT: This study considers the accurate determination of the mechanical properties of austenitic 
steels containing equibiaxial residual stress by the spherical indentation technique. Many numerical 
simulations have been developed to evaluate the accuracy of the Kim and Lee methods. The results 
revealed that the Kim method evaluates a specimen’s mechanical properties with higher accuracy than 
the Lee method. The Kim method was utilized in this paper to investigate the effect of residual stress on 
the accuracy of the indentation technique. The results of the study showed that residual stresses could 
lead to significant errors in the results of estimating the properties of materials like elasticity module, 
yield strength, and work hardening. By formulating the error changes as a function of work hardening 
and normalized residual stress, a method has been proposed to reduce the error. The proposed method 
has significantly mitigated the error in estimating the properties of materials with residual stress through 
the Kim method. Based on the results, the absolute value of errors has decreased from a maximum of 
48% for  , 33% for  , and 39% for  to 12%, 1%, and 3% respectively. Experimental tests on the stainless 
steel 321 sample were used to validate the results, and by comparing the numerical results, it was shown 
that a more accurate value for the properties of materials could be obtained using the proposed method.
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1- Introduction
The effects of residual stress on materials are important. 

To consider these effects in engineering design, the properties 
of stressed materials should be measured. Indentation is a 
portable non-destructive method that has been used in recent 
years for this purpose. Using this method in addition to 
residual stresses, the mechanical properties of a specimen can 
be estimated. Some researchers have used this method in their 
studies due to its special features.

Tabor [1] determined properties by experimental 
tests. Although these properties are classified as intrinsic 
characteristics of materials, Doerner and Nix [2] demonstrated 
that the mechanical behavior of the materials could be 
affected by various factors, such as stress, temperature, 
radiation, and time. To assess the health of the engineered 
structures and their future performance, it is essential to 
periodically evaluate the mechanical behavior of structures 
considering the loading process. The tests for determining 
the mechanical properties of materials are divided into 
destructive and non-destructive tests. The destructive tests 
(e.g., tensile tests) provide more reliable results than the non-
destructive tests. However, these tests cannot be used for 
the under-operation parts. Thus, researchers have attempted 
to develop non-destructive tests to evaluate the mechanical 
behavior of the established parts. In recent years, various 

techniques have been developed for the non-destructive 
evaluation of mechanical behavior. The indentation is one of 
the techniques, and it is a portable approach. In this technique, 
the material behavior is examined via an indenter during the 
loading and unloading processes. Thus, some properties of the 
materials are estimated, encompassing elastic modulus, yield 
stress, and work hardening coefficient. This technique has 
comparative advantages over the other techniques. Different 
research has been developed to characterize the applications 
of this technique, identify the causes of errors, and improve 
its accuracy. Since the residual stresses have a significant 
impact on the indentation phenomenon, they are taken into 
account as the most vital factors affecting the estimation of 
mechanical properties in the Instrumented Indentation Test 
(IIT). 

Lee et al. [3] developed a study to determine the 
homogenous elastic-plastic properties of materials using a 
circular indenter and applying numerical and experimental 
methods. They implemented several interpolation steps and 
formulated the material properties as a function of the work 
hardening coefficient and yield strain. This procedure has 
been performed by deriving the fixed regression coefficients. 
Kim et al. [4] utilized the indentation technique to estimate 
the tensile properties of materials and draw the stress-strain 
curve. This process has been carried out by using a circular 
indenter. The results demonstrated that the accuracy of this 
method depended considerably on the way of analyzing 
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contact depth and definitions of stress and strain.
Lee et al. [5] studied spherical indentation based on 

numerical analysis and experiment to develop robust testing 
techniques to evaluate metal’s isotropic elastic–plastic 
properties. The representative stress and plastic strain concept 
are critically investigated via finite element analysis, and 
some conditions for the representative values are suggested. 
Boschetto et al. [6] employed the indentation technique to 
determine the mechanical properties of steel parts. They cut 
steel discs of C40 from an extruded bar and then machined 
them by facing operation under various conditions. Also, 
they utilized indenters with diameters of 1 and 2 mm made of 
tungsten carbide to calculate the yield strength and indentation 
pressure corresponding to each diameter. 

Chunyu et al. [7] have found noticeable degradation of 
the measured elastic moduli of ductile metals in meso/macro 
indentation tests. Finite element simulations show that the 
finite stiffness of an indentation system can cause a false 
degradation of the effective indentation modulus.

Chang et al. [8]analytically described a new insight into 
the relationship between constraint factors of stress and 
strain based on the formation of Tabor’s equation. Spherical 
indentation tests were performed to evaluate these constraint 
factors.

Zhang et al. [9] proposed an analytical method based on 
the extended expanding cavity model to determine the proof 
strength 0.2pR  and flow properties of materials that obey the 
Johnson–Cook constitutive model from spherical indentation 
tests.

Wang et al. [10] used the indentation technique to obtain 
the properties of the Inc718 at high temperatures. They 
compared the regularly produced parts and the parts with the 
modified percentage of ingredients.

Beirau et al. [11] used nanoindentation high-resolution 
mapping to probe the mechanical properties, indentation 
hardness ( )H , and elastic modulus ( )E of a natural, 
highly zoned zircon (ZrSiO4). The results also illustrate how 
multilayered ceramics accommodate volume expansion and 
change in mechanical properties as a function of radiation 
dose.

Bor et al. [12] investigated the elastic modulus, hardness, 
and fracture toughness of bulk poly-super crystalline 
nanocomposites of oleic acid-functionalized iron oxide 
nanoparticles. The underlying micromechanical deformation 
mechanisms were analyzed for the first time, for materials with 
and without organic crosslinking ligands by nanoindentation. 

 Lu et al. [13] employed neural networks and the IIT 
technique to derive the elastoplastic properties of alloys with 
acceptable accuracy. They suggested desired algorithms for 
solving inverse problems using single, dual, and multiple 
indentations. 

In addition to the published research regarding the 
determination of properties and mechanical behavior of 
materials using the IIT method, other research has been 
developed to investigate the causes of errors and improve the 
accuracy of computations. 

Kese et al. [14] studied the properties of soda-lime glass 

and found that stress significantly impacts mechanical 
properties. Also, the results have been improved considering 
the piling-up phenomenon around the indentation point. 
Zhao et al. [15] proposed an enhanced technique to determine 
elastic modulus and yield stress of a linear elastic - perfectly 
plastic residual stressed bulk material. They expressed that 
the uniaxial residual compression requires a higher force to 
indent the material whereas uniaxial residual tension requires 
a lower force. Huang et al. [16] employed nano-scratch 
and nanoindentation techniques to assess the influence of 
residual stress on mechanical properties in thin films. They 
concluded that modulus and stiffness have decreased by 
reducing compression and increasing tensile stresses. Khan 
et al. [17] investigated the effect of residual stresses on the 
nanoindentation response of aluminum alloys in aerospace. 
They applied experimental and finite element methods for 
analyzing the process. They found that residual stresses 
significantly impacted the maximum force, the curvature of 
the force-displacement curve, and the achieved properties. 

Yetna et al. [18] studied mechanical tensile properties 
by spherical macro-indentation using an indentation 
strain-hardening exponent. They found that to improve the 
indentation–tensile relationship, an additional correction 
related to the piling-up or sinking-in formation around the 
indent must be taken into account for the calculation of the 
strain by indentation. The correction factor is expressed as a 
function of the strain-hardening exponent.

Li et al. [19] reviewed several existing analytical methods, 
such as the representative stress-strain method, dimensional 
analysis method, and inverse finite element method. They 
first gave an overview of these analytical methods, their 
advantages, and disadvantages, and introduced ideas to 
improve them. Skordaris et al. [20] conducted a study on 
Physical Vapor Deposition (PVD) films and concluded that 
residual stresses have a considerable influence on determining 
the properties of films. Scales et al. [21] evaluated over 
80 segments of line pipe through tensile testing, IIT, and 
compositional testing by Optical Emission Spectroscopy 
(OES) and laboratory combustion. IIT measurements of 
Ultimate Tensile Stress (UTS) were, generally, in better 
agreement with destructive tensile data than YS and exhibited 
about half as much variability as YS measurements on the 
same sample.

As represented above, there are few studies about the 
influence of residual stresses on the technique’s accuracy in 
determining the properties and estimating the stress-strain 
curve. So, it is essential to develop some studies on using 
the indentation technique in the presence of residual stresses. 
Also, it is necessary to assess its errors and correct the results.

Because of the wide usage of austenitic steels in industries 
and the importance of accurate estimating of mechanical 
properties on manufactured parts, for developing IIT, this 
research was planned and done. In this study, numerical 
analysis and experimental tests have been used to evaluate 
the error of estimating mechanical properties and obtaining 
stress-strain curves on austenitic steels specimen with 
equibiaxial residual stresses by IIT. Some P h−  analysis 
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methods were considered and the method with the relative 
least errors was selected and then the impact of the stress field 
was quantitatively assessed. As a novelty of this research, a 
method was proposed to improve the IIT technique for the 
accurate estimation of mechanical properties in austenitic 
steels.

2- Theoretical Background 
The analysis of the load-depth curve enables the analyst 

to obtain elastic modulus, work hardening, yield stress, and 
in general the mandatory parameters for drawing the stress-
strain curve. Fig. 1 shows the data obtained from a typical 
indentation test. In this figure, P is the applied force, 
and h is the depth of penetration of the indenter from the 
primary surface. Three significant parameters are derived 
from the P h− curve, including maximum force max( )P
, maximum indenting depth max( )h , and elastic unloading 
stiffness ( / )S dP dh= , which is the slope of the curve at the 
beginning of the unloading phase. 

According to the ASTM E2546-15, the value of S is 
determined by adapting the unloading curve to the following 
equation [22]: 

P = m(h - hf)n (1) 
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where m and n are the constants for the power-law, and 
fh is the ultimate indenting depth. 

To investigate the stress and strain distribution in the 
indentation area in materials with elastic-plastic deformation, 
it is necessary to provide the parameters of contact depth 
( )ch  and contact area of the indenter ( )cA (determined by 
evaluating the indentation geometry). There is a difference 
between the contact depth and the measured indentation 

depth. This issue is due to the plastic deformation in the 
contact area. The contact depth ( )ch and contact area ( )cA
are computed as follows [23]:

P = m(h - hf)n (1) 
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The effective elastic modulus ( )effE is defined by the 
following equation. It is defined based on the fact that the 
elastic deformation occurs both in a sample with elastic 
modulus E and Poisson’s ratio ν  and an indenter with 
elastic modulus iE and Poisson’s ratio of iν  [23].

P = m(h - hf)n (1) 
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The effective elastic modulus is attained by its relationship 
to the contact area and the slope of the unloading curve in 
maximum load as follows [23]:

P = m(h - hf)n (1) 
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Since the indenters are often made of tungsten carbide, 
0.07iν = and 1170iE = GPa have been used for 

experimental tests, and iE = ∞  has been considered for a 

 
Fig. 1. Indentation load-depth curve for the loading and unloading phases [19] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Indentation load-depth curve for the loading and unloading phases [19]
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perfectly rigid indenter in simulations. Also, the actual elastic 
modulus has been gained by Eq. (4) [24]. 

There are different methods for determining the material 
properties and drawing a stress-strain curve, consisting of 
Representative stress and strain [25] or Kim method [26], 
Inverse analysis by FEA [25], Neural networks [25], and 
Lee method [3]. The Inverse analysis by FEA needs special 
software, and the Neural networks take more testing time 
by multiple creep processes. Therefore, these methods are 
practically difficult and time-consuming. Consequently, 
the first and fourth methods have been selected for further 
investigation in this paper. 

In the Representative stress and strain or Kim method, the 
true stress-strain points on the tensile curve are derived by 
computing the stress and strain in different material depths. 
This procedure is implemented using a spherical indenter and 
experimental formulas. Assuming an initial value for n and 
placing this value in a second-order experimental equation 
in terms of n and maxh R , makes it possible to compute 
the actual contact depth ( )ch  and the actual contact area 
( )cA . The true strain is defined by the tanθ  (contact angle 
gradient), and the true stress is defined by the maxF obtained 
from the load-depth curve and the actual contact area ( )cA . 
The true stress-strain points coincide with an equation such as 

n
r rKσ ε=  for the materials with work hardening exponent. 

If the new n matches with the assumed n , the calculation is 
terminated, and the obtained values are correct. Otherwise, 
the average value of the calculated and assumed n is new n
, and the calculation is repeated. In all methods, the stress-
strain curve has been drawn up to the ultimate strength point. 
In this case, the areas after this point until the occurrence of 
rupture are the damaged areas. The advantages of this method 
are its computational algorithm, applying the information 
of different depths, and obtaining average results. The 
disadvantages of this method are concerned with its rigid 
algorithm and numerical estimations of empirical parameters.

Lee et al. [3] utilized a finite element method and found 
that the material properties are a function of two factors, 
including the work hardening coefficient and yield strain. 
To begin the calculations, it is necessary to formulate the 

( )2
maxcc h h= , equivalent plastic strain ( )pε , and plastic 

constraint factor ( )ψ  as a function of work hardening 
coefficient ( )n , and relative depth ( )maxh D . In this case, 
D is the indenter diameter. The regression coefficients are 
derived using the finite element method and considering the 
constant yield strain ( )0ε and 13 different values for n . 
Then, other regression coefficients can be derived by fixing 
the value of n and considering three different values for 0ε
. New coefficients are achieved by combining the obtained 
coefficients. These are the regression constants, which are 
specified in the appendix of Lee et al. [3] The computational 
procedure is comprised of performing an indentation test and 
deriving the force P , depth h , and initial unloading slope 
S . Then, the initial estimation is carried out for the work 
hardening coefficient ( )n and yield strain ( )0ε . Afterward, 

the equivalent plastic strain ( )pε , true stress ( )tσ  and total 
strain ( )tε  are computed by the sum of the estimated yield 
strain ( )0ε  and equivalent plastic strain ( )pε . Thereafter, 
the power curve is fitted to n

t tKσ ε= . In this case, the stress 
and strain are known, and the regression analysis derives the 
K , and new n . Thus, the new elastic modulus, stress, and 
yield strain are calculated. Also, the relative errors between 
the new and assumed n and 0ε  are ascertained. If the error 
in both cases is less than a specific tolerance, the procedure 
is terminated. Otherwise, the initial assumptions are changed, 
and the solving procedure is repeated. The principal benefit 
of this approach refers to its low number of indentations. 
The disadvantage of this approach refers to its complexity, 
its numerous steps, and using many coefficients that must be 
available. 

3- Numerical Analysis and Simulations
Since the loading conditions are symmetric, the two-

dimensional simulations with an equibiaxial residual stress 
field seem to be an appropriate way to determine the accuracy 
of the mentioned two methods in austenitic steels. On the other 
hand, since the Kim and Lee methods are compared under the 
same conditions, it is assumed that the superiority of each in 
two-dimensional simulation can also be generalized to three-
dimensional conditions. Also, two-dimensional simulation 
is cost-effective due to the number of simulations and their 
time. It seems to be sufficient to obtain the error function, 
greatly improves the results, and in general, the use of this 
type of simulation serves our purpose.

The simulated model deals with two parts: consisting 
of a rigid indenter part and a flexible bottom part. To create 
a geometric symmetry, the indenter part is in the form of a 
quarter circle with a diameter of 1.58 mm (1/16 in), and the 
part under test (it is half of the bottom object) is a square 
with the dimensions of 10 mm ×10 mm. Its elements are 
in the form of a symmetric eight-node of CAX8R with the 
number 10000. Fig. 2 shows how it converges in 10000 
elements. The smallest size of elements beneath the indenter 
is approximately 1 μ.

 The tensile and compressive residual stresses are applied 
through pressure on the edge of the bottom part. Fig. 3 shows 
the boundary conditions for the two-dimensional model. In 
the bottom part, the finer meshes have been considered for 
the regions around the contact area. It was due to the severe 
local deformation under the indenter. To validate the accuracy 
of the modeling and the specified interval of properties, 
a piece of stainless steel has been subjected to a standard 
tensile test based on the ASTM E8/E8m 13a. In this case, the 
elastic modulus has been gained based on ASTM E111-97, 
and the yield stress and work hardening coefficient have been 
captured through fitting to a power curve. The results of these 
computations are given in Table 1.  

The part is assumed as a von Mises elastoplastic 
material with isotropic hardening behavior. The stress-strain 
relationship in the sample is defined as Eq. (6) [27].
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Fig. 2. Results convergence with different elements in mesh effect study 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Results convergence with different elements in mesh effect study

  

        Fig. 3. The finite element model: (a) indentation area and mesh density, (b) two-dimensional boundary 
conditions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. The finite element model: (a) indentation area and mesh density, (b) two-dimensional boundary conditions.

Table 1. The obtained properties of sample steel (SS321) via the tensile test.Table 1. The obtained properties of sample steel (SS321) via the tensile test. 

                                    
Work hardening 

exponent 

n  

Yield strength 

 (MPa) y 

Young's modulus 

(MPa) E 

Material 

0.14 (±0.0058) 306 (±7.8) 204000 (±9823) SS321 
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P = m(h - hf)n (1) 
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where ( / )n
y yR Eσ σ= .

In this study, the elastic modulus and yield strength were 
considered 200 GPa and 300 MPa, respectively. It was due 
to their small changes in austenitic steels. The properties of 
materials and loading conditions are provided in Table 2. 

A total number of 27 two-dimensional simulations 
have been implemented to evaluate all feasible scenarios. 
According to the work hardening coefficient derived from the 
tensile test, three different work hardening coefficients ( n = 
0.1, 0.15, and 0.2) were considered to cover the behavioral 
range of austenitic steels. Fig. 4 depicts the stress-strain curve 

for the sample of austenitic stainless steel and the stress-strain 
curve for the simulated materials with different powers n
according to Eq. (6).

Fig. 5 depicts the typical results of the simulations as a 
load-depth curve for steel with n =0.14 in different residual 
stresses. Also, their deviations from the stress-free state 
are indicated in this figure. As illustrated, the tensile and 
compressive residual stresses push them lower and upper 
than the free-stress curve, respectively.

To validate the results of the finite element simulations, a 
cross-shaped specimen made of SS321 is considered in this 
study. The first step is to relieve stress from the specimen. 
According to AZO Materials [28], the specimen is placed in 
a furnace at a temperature of 700 oC for 90 minutes. Then, 
it is cooled at ambient temperature and placed in a loading 
fixture according to Moharrami and Sanayei [29]. The strain 

Table 2. The range of properties of the studied materials and their loading conditions in the simulation.Table 2. The range of properties of the studied materials and their loading conditions in the simulation. 
 

200 GPa EYoung's modulus,  

300 MPa yYield stress,  

0.1            0.15          0.2 
Work hardening exponent, 

n 

0         ±0.3           ±0.5          ±0.7         ±0.9 
Ratio of residual stress to 

r y yield stress,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4. Stress-strain curve of austenitic steel obtained from the standard tensile test and true stress-true strain curves 

of the material were taken into account for simulations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Stress-strain curve of austenitic steel obtained from the standard tensile test and true stress-true strain 
curves of the material were taken into account for simulations
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is applied by straining screws, and a perpendicular gauge 
rosette captures its value. After that, an indenter of 1.58 mm 
(1/16 in) performs the indentation test. To provide the quasi-
static conditions, the indentation tests were implemented at 
a loading rate of 0.2 mm/min and a straining rate of 0.08 s-1 
[30]. Fig. 6 indicates several details, including the cross-
shaped specimen with magnifying the strain gauge rosette, 
and the test set. 

4- Analysis of Results 
In this study, the accuracy of the two methods was 

investigated by comparing the calculated properties and the 
properties applied to the finite element model in austenitic 
stainless steel. In each case, the error of computation is 
formulated for the property of I as follows [31]:

P = m(h - hf)n (1) 
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where appI characterizes the value of the applied 

 
Fig. 5. The load-depth curves for the steel indentation test with n =0.14 in various normalized residual stresses 
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Fig. 5. The load-depth curves for the steel indentation test with n  =0.14 in various normalized residual stresses 
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Fig. 6. Test setup including a cross-shaped specimen with the strain gauge mounted on it, a bending fixture, and 
indentation apparatus. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Test setup including a cross-shaped specimen with the strain gauge mounted on it, a bending fixture, and 
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property to the model, and calI expresses the value of the 
calculated property via the assumed method. Fig. 7 provides 
the graphical representation of the error in the mechanical 
property calculated via the mentioned methods. 

As shown in this figure, in the absence of residual stresses, 
the applied work hardening coefficients are shown on the 
horizontal axis, and the computed work hardening coefficient, 
yield stress, and elastic modulus are shown on the vertical 
axis. In figure (a), the dashed line denotes the ideal situation 
where the computed work hardening coefficient is equal to its 
applied value. It is observed that the results of Kim’s method 
are closer to the ideal line. The average relative error of the 
Lee method is 15% and that of the Kim method is 7%.

In figure (b), the achieved values for the yield stress and 
elastic modulus are compared to the applied constant values 

of 300 MPa and 200 GPa, respectively. These comparisons 
are displayed through a dashed line. The comparison between 
the two methods demonstrated that the Kim method was 
closer to the given value. In this method, the results of n  
are more accurate in small values, while no specific pattern 
is observed for E and yσ . The results of the computed 
property error in the equibiaxial residual stresses showed 
that the Kim method provided more accurate simulation 
results than the Lee method. Therefore, the Kim method has 
been considered to obtain the properties of materials and 
plot the stress-strain curve. Fig. 8 indicates the stress-strain 
curve plotted by the Kim method for the residual stresses, 
which correspond to the stresses expressed in Fig. 5. Also, 
their deviations from the stress-free state are denoted in this 
figure. It was observed that an increase in the residual stress 

a) 

 
 
 

b) 

 
 

Fig. 7. A comparison of the calculated properties with the applied work hardening at different residual stresses a) 
Work hardening and b) Elastic modulus and Yield stress. 

 

 

 

 

 

 

 

Fig. 7. A comparison of the calculated properties with the applied work hardening at different residual stresses a) 
Work hardening and b) Elastic modulus and Yield stress.
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raised the computation error. Thus, the values of properties 
deviate from their correct values. Indeed, the elastic modulus 
and yield stress have gradually decreased by moving from 
the compressive stresses to the tensile stresses. In contrast, 
the work-hardening values have gradually increased. The 
result obtained also agrees with [32]. They have stated that 
in materials with similar hardness, a material with a relatively 
low modulus of elasticity has a high work hardening and a 
material with a relatively high modulus of elasticity has a low 
work hardening.

Fig. 9 demonstrates the graphical results for computing 
the error of the work hardening value. In all cases, a third-
order equation of a plane is fitted to the raw data.

Likewise, the surface can be drawn for the yield stress 
and elastic modulus. Figs. 10 and 11, illustrate the errors as 
a third-order function of the work hardening and normalized 
residual stress ( )r yσ σ . The maximum error and rate of 
error changes in tensile and compressive stresses are not the 
same on these surfaces. If an increase occurs in the tensile 
residual stresses, the rate of changes in the error of properties 

 
Fig. 8. The plastic region for the steel stress-strain curves with n =0.14 in the variation of normalized residual 

stresses  r y   (plotted by the Kim method). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8. The plastic region for the steel stress-strain curves with n  =0.14 in the variation of normalized residual 
stresses ( )r yσ σ  (plotted by the Kim method).

 
Fig. 9. The error of work hardening measurement by the Kim method. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9. The error of work hardening measurement by the Kim method.
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in tensile residual stresses becomes greater than its rate in 
compressive residual stresses. This issue leads to a change in 
the slope of the surface created around the zero-stress regions. 
Also, the maximum error in the tensile zone is greater than 
that in the compressive zone, and up to a 100% increase in 
errors is observed. 

The significant effect of stress on the results of estimating 
mechanical properties using this technique, which has 
been obtained in this study, has been confirmed in reports 

published by other researchers. Although no similar work 
has been reported on the subject of research presented in 
this article, but some results from the study on the effect 
of residual stresses on the estimation of some mechanical 
properties are shown in Fig. 12 a [14] and b [16]. These show 
the trend of deviation in estimated elasticity modulus and 
hardness number versus residual stresses. In this study, for 
quantitative analysis, based on Figs. 9 to 11 the general form 
of error variation was assumed with a function of n, r yσ σ

 
 

Fig. 10. The error of yield stress measurement by the Kim method. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 10. The error of yield stress measurement by the Kim method.

 
 

Fig. 11. The error of elastic modulus measurement by the Kim method. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 11. The error of elastic modulus measurement by the Kim method.
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and it is expressed as follows:

P = m(h - hf)n (1) 
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where x n= is the work hardening coefficient and 
r yy σ σ= is the normalized residual stress. 

If the error changes for the stresses and various work 
hardenings are considered, the error functions can be 
formulated as unique functions of ( ), r yf n σ σ . Thus, it 
is possible to determine the difference between the computed 
property value and its applied value. Using the procedure 
proposed in this study and Eq. (9), the properties of austenitic 

stainless steels can be recalculated as follows:  

P = m(h - hf)n (1) 
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Table 3 gives some examples of the modified values of 
properties via the proposed method in this paper. 

The computed properties experimentally for the SS321 
alloy (Fig. 6) in different residual stresses have been modified 
by the method proposed in this paper. The results of the 
computations are given in Table 4. As an example, the first 
row of the table is plotted in Fig. 13. In this figure, the curve 
obtained from the tensile test without the residual stress is 

a) 

 

b) 

 

Fig. 12. The effect of residual stresses on elasticity modulus and the slope of its changes a) [14], b) [16]. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 12. The effect of residual stresses on elasticity modulus and the slope of its changes a) [14], b) [16].

Table 3. The modified values of arbitrary properties via the proposed method in this paper.
Table 3. The modified values of arbitrary properties via the proposed method in this paper. 

 
Applied stress and 

property 
Calculated property by Kim 

method 
Error (%) Corrected property by the 

suggested method 
Error after correction (%) 

r y  n  n  y  

(MPa) 

E  
(GPa) 

n  y E  n  y  

(MPa) 

E  
(GPa) 

n  y E  

-0.21 0.11 0.1 295 218 -10 -2 9 0.11 303 212 0 1 6 

0.55 0.14 0.19 230 145 36 -23 -28 0.15 305 185 7 2 -8 

-0.85 0.17 0.1 324 244 -41 8 22 0.16 299 191 -6 0 -5 
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compared to the curve derived from the Kim method by the 
indentation test in the presence of residual stresses. Also, it is 
compared to its modified curve. 

5- Conclusions
In this paper, the indentation method has been employed 

to investigate the Kim and Lee methods for calculating the 
properties of materials in the equibiaxial residual stress field. 
Since the loading process and residual stresses are symmetric, 
two-dimensional finite element simulation has been utilized 
in this study. Experimental tests were performed to validate 
the simulation results. The research results are described one 
by one below:

The Lee method deals with an average error of 15% for 
the calculation of the properties under stress-free conditions 
while the Kim method has a maximum error of 7% in the 
same condition. Consequently, the Kim method has been 
selected for further investigations.

In the Kim method, the results of n are more accurate in 

small values. 
The elastic modulus and yield stress have gradually 

decreased by moving from the compressive 
stresses to the tensile stresses. In contrast, the work-

hardening values have gradually increased.
In the Kim method, the rate of error changes for computing 

the material properties in the compressive stress field is less 
than in the tensile stress field. The maximum error in the 
tensile zone is greater than that in the compressive zone, and 
up to a 100% increase in errors is observed, which can be due 
to cavities and cracks that are sensitive to tensile stress.

By evaluating and formulating the error changes in 
the achieved results as a function of work hardening n
and normalized residual stress r yσ σ , a method has been 
proposed to predict and eliminate the Kim method’s error. 

The proposed method has significantly mitigated the error 
in computing the properties of materials with residual stresses 
through the Kim method as follows:

In the numerical analysis study, the absolute value of 

Table 4. The results of applying the proposed method for modifying the experimental properties of SS321.
Table 4. The results of applying the proposed method for modifying the experimental properties of SS321. 

 
Applied stress and 

property 
Calculated property by Kim 

method 
Error (%) Corrected property by the 

suggested method 
Error after correction (%) 

r y  n  n  y  

(MPa) 

E  
(GPa) 

n  y E  n  y  

(MPa) 

E  
(GPa) 

n  y E  

0.8 0.14 0.203 201 123 45 -33 -39 0.139 302 195 -1 1 -3 
-0.8 0.14 0.073 324 239 -48 8 20 0.156 298 183 12 -1 -9 

-0.6 0.14 0.075 313 230 -46 4 15 0.127 296 187 -10 -1 -7 

 

 

 

 

 
Fig. 13. The indentation stress-strain curve before and after modification. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 13. The indentation stress-strain curve before and after modification.
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errors has decreased from a maximum 41% for n , 23% for
yσ , and 28% for E to 6%, 2%, and 8%, respectively. 

In the experimental test, the results look better, and the 
absolute value of errors has decreased from a maximum of 
48% for n , 33% for yσ , and 39% for E to 12%, 1%, and 
3%, respectively.
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